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Rapid experimental progress is being made in the field of waveguide quantum
electrodynamics, allowing to reach strong interaction between atoms and a con-
tinuum of bosonic modes propagating in a one-dimensional waveguide. This pro-
vides an interesting platform for studying how physics is modified when devices
that are usually considered classical are replaced by quantum objects intended
to have the same functionality. Moreover, the integrability of these devices com-
bined with the scalability of the waveguide platform is very promising for building
networks operating in the quantum regime.
In the first part of the thesis, we propose a novel approach for solving the
scattering of light on a single atom without computation. The procedure is not
limited to post-scattering quantities and allows for instance to derive the atomic
excitation during the scattering event. Focusing on the two-photon manifold
first, we demonstrate the method and explain its key element: the operational
translation of the well-known statement that a two-level atom can only absorb
or emit at most one photon at a given time. We then show how it naturally
extends to the more general case of N photons.
The second part is devoted to the theoretical study of a quantum cavity
formed of atomic mirrors, with an emphasis on the dynamics of an atom placed
inside such a quantum cavity. After explaining why in the Markovian regime
the lifetime of the photon inside the cavity is not enhanced by the presence
of the mirrors, we find that the device is able to reproduce cavity quantum
electrodynamics, and in particular vacuum Rabi oscillations, when operated in
the non-Markovian regime.
In the last part, we perform a quantum study of a diode made of a pair
of non-identical atoms which had been previously proposed based on a semi-
classical description. We first identify that the working principle of the device
is a purely multi-photon effect, precluding the application to single-photon in-
puts. We then investigate the diode operation for coherent states and find that
significant rectification is achievable for some specific range of input power. By
studying the dynamics of the atoms forming the device, we reveal the conditions
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Notation and list of symbols
Symbol Meaning
c speed of light in the waveguide
ε permittivity in the waveguide
k wavevector of the light mode
γ decay rate of the atom into the waveguide
ω 2pi × frequency of the light mode
ωA 2pi × transition frequency of the atom
ωph 2pi × central frequency of the photon wavepacket
f(ω) wavepacket in frequency domain
ξ(τ) wavepacket in time domain
c0(t) excitation probability amplitude of the atom in the cavity
c˜0(s) Laplace transform of c0(t)
ΩRabi Rabi frequency on resonance
∆ Detuning between the atomic transition and the cavity mode
Ω generalised Rabi frequency
D diode efficiency
p power of incoming laser light
aˆω (bˆω) annihilation operator for right- (left-) propagating mode at ω
|vac〉 vacuum state of light
|g〉 (|e〉) ground (excited) state of the atom






Light-matter interaction lies at the heart of quantum optics. At the most fun-
damental level, it might appear to be based on a pleonasm, as we all know from
Einstein’s equivalence relation that light and matter are ultimately just different
forms of energy. Notwithstanding, the study of the interaction between light,
made of photons, and matter, made of atoms, has significantly improved our
understanding of nature at its most elementary level, not to mention practi-
cal applications and technological improvements that have been made possible.
None of this would have been possible if not for the ground-breaking advances
in experimentally controlling and manipulating quantum systems consisting of
a few quanta, in recognition of which Serge Haroche and David J. Wineland re-
ceived the Nobel prize in 2012. Their experimental achievements allowed them
to implement what belonged to the realm of gedanken experiments and there-
fore demonstrate the predictions of this mind-bending theory that is quantum
physics.
Interfacing photons with atoms allows to exploit the best from both worlds,
as flying photons are best suited for transporting information while stationary
atoms can serve as building blocks for creating devices that process this infor-
mation. As promising as it looks on paper, the realisation of such networks [1]
relies on a crucial assumption which is that the light-matter interaction is suffi-
ciently large for each photon to feel the influence of the atoms and for the device
to operate on a timescale that is much smaller than the relaxation timescale of
the atoms to their environment. To this end, a novel architecture has emerged
which allows to reach unprecedentedly large interaction strength. In the follow-





Shining a propagating light beam onto a trapped atom would appear to be the
most natural way of interfacing the two. For the interaction to be efficient, one
would then merely need to ensure that the beam is sufficiently focused, e.g. via
a lens, for its focal area to be on the order of the atom’s absorption cross-section.
Note that in this process one has to cope with the diffraction limit, which puts
a bound on how much a light beam can be focused in free space. As a matter of
fact, following the calculations of [2], it had been thought for some time that any
free-space configuration would be unable to achieve a strong interaction between
a propagating photon and an atom, preventing its use for building devices that
could process quantum information encoded in flying photons.
Experimental evidence, however, has shown since then that interaction far
stronger than expected could be obtain in a conceptually-simple setup, consist-
ing of a lens with numerical aperture NA = 0.55 focusing a Gaussian probe
beam onto a single atom [3]. Moreover, theoretically extrapolating the setup to
larger numerical apertures NA ≈ 0.9 showed that no fundamental limit prevents
the interaction from efficiently coupling single photons to single atoms in free
space [4]. In fact, a different experimental setup based on parabolic mirrors is
aiming at reversing the free-space 4pi emission pattern to fully excite a trapped
atom with a single photon [5]. While progresses are yet to be reported for both
types of experiments for demonstrating large interaction strength [6], the chal-
lenge is currently of technological type and breakthroughs are to be expected in
the near future.
1.2 Cavity QED
Cavity QED relies on confining light between two highly reflective mirrors sur-
rounding the trapped atom. In this architecture, the light-matter interaction is
effectively enhanced by modifying the atom’s environment in such a way that
it becomes mainly coupled to the (ideally unique) standing-wave mode close to
its characteristic frequency. Since the discovery of this effect in the 40s by Pur-
cell [7] and its first demonstrations in the microwave regime [8] and in the visible
range [9], the architecture has reached a very mature state. Nowadays single
atoms are routinely coupled to high-quality cavities which moved from the stan-
dard Fabry-Perot setup [10] to different structures, such as photonic crystals [11],
toroidal [12] and bottle microresonators [13].
The strong interaction achieved in cavity QED has led to various applications,
from a single-atom laser [14], on-demand single-photon source [15] to quantum
4
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information processing devices [16, 17, 18]. Moreover, a prototype network of
two nodes has also been successfully demonstrated [19].
1.3 Waveguide QED
Last born of the three architectures, waveguide QED is going back to the initial
aim of interfacing a propagating photon with an atom without trapping light
between mirrors. The key for overcoming the difficulties of free-space interaction
is to confine the bosonic field to a one-dimensional waveguide, where the free-
space diffraction limit does not apply. The light tightly focused on the order of the
wavelength or less is then available for strongly interacting with atoms locally
coupled to the waveguide. Moreover, the challenge of spatial mode matching
over the 4pi solid angle is conveniently evaded by the inherent directionality of
the waveguide, which only supports forward and backward propagating modes.
In waveguide QED, the atom couples to propagating photons in a single-shot
manner. This is different from cavity QED where the interaction is enhanced
by letting the trapped photon bounce back and forth between the mirrors and
interact multiples times with the atom. An important consequence stems from
this fundamentally different type of interaction, which is that the atom now
sees a continuum of modes, therefore lifting the need for precisely tuning the
resonator’s narrow mode to match the resonance condition of the atom.
Waveguide QED holds strong potential for building scalable networks con-
sisting of multiple atomic devices, owing to the direct strong coupling to photons
propagating in a directional one-dimensional structure [20]. It is therefore emerg-
ing as the platform of choice for achieving strong light-matter interaction, with
applications in fundamental physics as well as quantum information process-
ing [21, 22, 23, 24]. In particular, the results presented in this thesis will be
based on this interface. In Chapter 2, we first introduce the theoretical descrip-
tion of waveguide QED systems, and review the state-of-the-art experimental
realisations that this theory describes.
Chapter 3 focuses on the description of the scattering event. We first moti-
vate why atoms can be considered as quantum mirrors. Moving on to N -photon
pulses, we demonstrate how the scattering event can be solved without computa-
tion. The method, based on a physical intuition, is derived and applied to solve
analytically for the first time the reflection of a photon pulse with arbitrary N .
Building on the previous chapter, we develop in Chapter 4 how atoms can
be used to build a quantum cavity where the mirrors are now made of quantum
objects. In particular, we show and physically explain how limitations previously
encountered can be overcome by operating in the non-Markovian regime, yielding
5
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a then complete equivalence with cavity QED. We briefly discuss how this regime
translates in terms of experimental parameters for implementing the device.
In Chapter 5 we investigate on the operation of a proposed optical diode made
of two non-identical atoms. Our quantum analysis is compared to the original
semi-classical description, and we show that while initial hopes for rectifying
light at the level of a single photon are not conclusive, the diode is still able to
operate relatively well for coherent states within a specific range of input power.
Chapter 6 summarises the results reported in this thesis and puts forward





This chapter forms the basis of the theory that is used throughout the thesis.
We then review the various state-of-the-art experimental realisations that the
theory describes.
2.1 Theoretical framework
2.1.1 Continuum bosonic field
We review here the quantum description of light travelling in a one-dimensional
waveguide, following the presentation of [25]. Specifically, the bosonic field is
propagating along a cylinder of length L, with a finite transverse area A. This
transverse extent will not be relevant for what follows, and the associated mode
together with the polarisation can be fixed without any loss of generality. We thus
focus on the quantisation of the scalar field travelling along the propagation axis
~z. To this end, we first note that for a finite size L, imposing periodic boundary
conditions on the travelling-wave-mode decomposition eikz yields a discrete set
L
A ~zab
Fig. 2.1: The one-dimensional waveguide that supports the light field propagating
in two possible directions is modelled as a cylindrical box.
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of eigenmodes separated in frequency by1
∆ω = 2pic/L. (2.1)
The procedure of quantising the field then amounts to promoting each mode as an
independent quantum harmonic oscillator with standard commutation relations.
So far, this is analogous to the description of cavity QED obtained by impos-
ing perfect mirrors’ boundary conditions on the standing-wave-mode decompo-
sition and selecting the single mode of interest. Yet, what truly sets waveguide
QED apart is that the extreme ends of the waveguide will not play any role for
the local atom which will later be coupled to the light field. In other words,
for all practical purposes, the waveguide will appear as an infinite support along
the direction of propagation. This motivates us to send the waveguide length
L→∞, which translates in terms of mode spacing as ∆ω → 0.
Formally, the transition from discrete modes to the continuum is achieved by
working with the continuous version of the quantum annihilation and creation
operators, which are of unit
√
time and satisfy the commutation relations
[aˆω, aˆ
†
ω′ ] = [bˆω, bˆ
†
ω′ ] = δ(ω − ω′), (2.2)
with the other commutators vanishing. Note that as we have chosen to label the
modes by their frequency ω, we explicitly distinguish left-propagating (towards
−~z) from right-propagating (towards +~z) components of the field as independent
modes a and b. The electric field then takes the following continuous form























where the vacuum energy is ignored. The waveguide spectrum thus consists of
a continuum of modes at different frequencies which are allowed to travel in two
fixed directions and all contribute to the total energy of the field.
1Note that we operate well above the cutoff frequency of the waveguide such that the
dispersion relation follows the standard linear form ω = c|k|.
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2.1.2 States of light
To illustrate the model presented in the previous section, we introduce the var-
ious states of light that will be of interest to us in the rest of this thesis. The














The functions fa(ω) and fb(ω) correspond respectively to the wavepacket asso-
ciated with the photon propagating to the right or to the left. Conveniently,











fn(ω1, . . . , ωN)√








where fn(ω1, . . . , ωN) is associated with n photons travelling to the right and
the rest travelling to the left. Note that this form allows for initial correlations
between the photons and satisfies the bosonic exchange symmetry.
As a last example, we also wish to describe the light that is generated by
a laser. To this end, we note that while laser beam is usually thought of as a
monochromatic input continuously driving the system of interest, in any prac-
tical scenario it consists of a beginning (switching on) and an end (switching
off). As a result, the light generated has a finite extent in space and can be
represented as a pulse propagating in a fixed direction, e.g. to the right, with a
frequency distribution f(ω) associated to it. The corresponding state then takes
the form [26]







f(ω)aˆ†ω − f ∗(ω)aˆω
)] |vac〉, (2.7)
and can be understood as a collection of coherent states over the different fre-
quency modes of the field. In particular, it is an eigenstate of the annihilation
operator aˆω with eigenvalue
√
n¯f(ω) representing the complex amplitude for the
corresponding mode at ω. At this point it is worth noting that the mean number
of photon per mode is given by 〈aˆ†ωaˆω〉 = n¯|f(ω)|2, yielding a mean number of
photon over the entire pulse of
∫∞
0
dω 〈aˆ†ωaˆω〉 = n¯.
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2.1.3 The interaction Hamiltonian
Now that we have a model for the propagation of light in the waveguide, we can
move on to describe how it interacts with matter. To this end, we first need to
specify what is meant by an atom in the context of this thesis, that is any kind
of quantum emitter whose structure can be modelled as a two-level system with
transition frequency ωA between a ground |g〉 and an excited |e〉 state. Note that
the actual physical system can have a more complex structure, as long as all the
other possible transitions are far off-resonance.
The atom itself is described by the following free Hamiltonian





where σˆz = |e〉〈e| − |g〉〈g | is a Pauli matrix. Of importance is that given the
symmetric potential at the microscopic level, Hˆatom commutes with the parity
operator which implies that the non-degenerate eigenstates |g〉 and |e〉 have a
well-defined parity.
In order to derive the interaction Hamiltonian, we first take advantage of the
difference in length scale between the atomic size, on the order of the Ångström,
and the typical wavelengths used in quantum optics, not smaller than 10−7m.
The electric field is thus approximately constant over the spatial extent of the
atom and the interaction is described to a good approximation by the dipole
Hamiltonian
Hˆdip = −dˆEˆ(zA, t), (2.9)
where the electric field (2.3) is evaluated at the position of the atom and dˆ is the
atomic dipole moment which is assumed to be oriented along the field polarisa-
tion. The latter can be further simplified by resorting to its odd parity, which
implies that its diagonal elements vanish 〈g |dˆ|g〉 = 〈e|dˆ|e〉 = 0. Conversely, the
dipole Hamiltonian can only couple atomic states of opposite parity, a selection
rule also known as Laporte’s rule. When satisfied, the atomic dipole then takes
the form, in the frame rotating with respect to Hˆatom
dˆ = |〈e|dˆ|g〉| (σˆ+eiωAt + σˆ−e−iωAt) , (2.10)
where σˆ− = |g〉〈e| is the lowering operator and σˆ+ = σˆ†−. Note that we have
absorbed the phase of the off-diagonal dipole term into a time translation without
loss of generality.
Substituting Eqs. (2.3) and (2.10) into Eq. (2.9), the dipole Hamiltonian in
10
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As a final step, we drop the off-resonant terms e±i(ω+ωA)t, that oscillate at twice
the frequency. This is the so-called rotating wave approximation, which is valid
as long as the coupling strength satisfies g2ω  ω + ωA for the near-resonance
frequencies of interest. This does not have to be always fulfilled, and as a matter
of fact violation of this approximation has been experimentally observed with a
circuit QED setup operating in the ultrastrong-coupling regime [27]. Waveguide
QED setups however tend to operate well within the required regime and are
faithfully modelled by making use of the rotating wave approximation. The final















2.1.4 On the Weisskopf-Wigner approximation
Before closing this review of the theoretical framework on which the results of
this thesis are built, a final concept upon which we will rely is worth spending
some time on: the Weisskopf-Wigner approximation [28]. In particular, when
interacting with the bosonic field, we see from the dipole Hamiltonian (2.13)
that the atom couples to each frequency mode with a strictly-speaking different
coupling strength gω. The aim of the approximation is to remove this frequency
dependence, with the motivation being that the coupling strength does not vary
significantly over the bandwidth of the light field that interacts with the atom
g2ωA  ωA. In the process of setting gω → gωA , the approximation also consists in
extending the range of allowed frequencies for the light field from 0 ≤ ω ≤ +∞
to −∞ ≤ ω ≤ +∞. While this might dangerously appear to include modes of
negative energy for the light field, in practice it is a harmless procedure since
these modes would be far off-resonance with respect to the atomic transition
frequency ωA, which is itself well above the cutoff frequency of the waveguide as
mentioned previously.
The physics of this approximation can be approached differently by noting
the equivalence between the Weisskopf-Wigner approximation and the Markov
11
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approximation. To this end, let us consider the situation where a single atom at
zA = 0 is initially excited, and compute the dynamics of the spontaneous emission
into the empty waveguide modes. Since the dipole Hamiltonian conserves the
number of excitations, the state of the system at any time t can be decomposed
as2
|ψ〉 = ce|vac〉 ⊗ |e〉+ |1 photon〉 ⊗ |g〉, (2.14)
where ce(0) = 1 and the initial wavepackets of the single-photon state defined
in Eq. (2.5) vanish fa(ω, 0) = fb(ω, 0) = 0. Using the Schrödinger equation





−i(ω−ωA)t (fa(ω) + fb(ω)) , (2.15)
f˙a(ω) = f˙b(ω) = gωe
i(ω−ωA)tce. (2.16)
Formally integrating the field amplitudes fa(ω) and fb(ω), and substituting them









From this exact equation we will now proceed in two different ways. First, let
us apply the Weisskopf-Wigner approximation described above, which simplifies







′) = γδ(t− t′), (2.18)
and yields for the excitation amplitude
c˙e = −γce. (2.19)
This is the characteristic exponential decay of the Weisskopf-Wigner theory [28].
The coupling to a continuum of propagating modes leads to an irreversible decay
at a rate γ = 2pig2ωA without any revival in the excitation amplitude, as shown
in Fig. 2.2(a).
Now starting back from Eq. (2.17), we instead apply the Markov approxima-
tion which is motivated by the assumption that the spontaneous emission takes
place at a rate that is much slower than the light frequency. As a consequence, the
oscillating exponential averages out except for times t′ close to t on the timescale
of the light oscillation period ω−1A , for which the atomic amplitude essentially
2We omit the dynamical-time index in equations for clarity.
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bandwidth of light modes
interacting with the atom
⇠  
g2! / !(b)
Fig. 2.2: The Weisskopf-Wigner approximation. (a) Irreversible spontaneous
emission following the exponential decay described by Eq. (2.19). (b) Illustra-
tion of the regime where the approximation is valid. The coupling strength is
approximately constant over the range of frequency modes interacting with the
atom.
stays constant. Following this absence of memory for the atomic variable, the









= cepiδ(ω − ωA) + Lamb shift,
(2.20)
where the Lamb shift contribution emerges from the imaginary Cauchy principal
part. We ignore this small contribution in what follows since it diverges as such
and requires a relativistic description [29]. In principle, it can nevertheless be
absorbed via a renormalisation of the transition frequency. At this point we
thus recover exactly the exponential decay described by Eq. (2.19), showcasing
the equivalence between the Weisskopf-Wigner approximation and the Markov
approximation.
All in all, the approximation, specific to the regime γ  ωA (see Fig. 2.2(b)),
can be physically understood as neglecting the back-action of the light field
emitted by the atom onto itself. The relaxation of the atom excites the bosonic
field which propagates away from the atom and does not interact with it any-
more. This is fundamentally different from single-mode cavity QED for which
the atomic emission takes the form of a Rabi oscillation due to the repeated
interaction between the atom and the same photon. Note that in the regime
where the approximation breaks γ ∼ ωA, the dynamics would still be dominated
by an irreversible decay because of the continuum, but modulated by damped
Rabi oscillations [30].
2.2 Experimental platforms
The theory reviewed in the first part of this chapter applies to a wide range of
physical systems, with very diverse implementations for both the one-dimensional
13
CHAPTER 2. THEORETICAL FRAMEWORK AND IMPLEMENTATIONS
waveguide and the atom coupled to it. Early experimental realisations include
surface plasmons coupled to a quantum dot [31] and rubidium atoms loaded
directly inside a hollow-core fibre [32]. Other platforms with exciting potential
have emerged since then which we briefly introduce below.
2.2.1 Tapered fibre
A new turn was taken with the interfacing of thousands of caesium atoms trapped
in the vicinity of a tapered fibre [33]. In the interaction region, the diameter of
such a fibre is on the order of the wavelength, such that atoms can couple via
the evanescent field surrounding the fibre. The main challenge for this interface
remains however to achieve, at the level of a single atom, a coupling to the
waveguide modes γ that is much larger than the coupling to the surrounding
free-space modes, i.e. the environment γenv.. The strength of this coupling is
characterised by the so-called beta factor β = γ/(γ + γenv.).
Recently, the significant coupling to the environment has been turned into
an advantage for implementing an optical isolator that dissipates light when
travelling in the undesired direction [34]. Specifically, the low coupling per atom
achieved in this situation β ≈ 2.5% is overcome by trapping a large number of
atoms around the fibre.
Improvements of up to β ≈ 4% have been reported by a different group [35,
36], but overall the difficulty of trapping the atoms nearer to the nanofibre and
therefore reducing the role of their environment is a serious obstacle for the
realisation of quantum atomic devices. The latest success to this end [37, 38, 39]
have been made possible by resorting to a bottle-microresonator for coupling
light to the atom, coming back to the realm of cavity QED.
2.2.2 Photonic crystal
Photonic crystal waveguides have been put forward as a promising alternative
for pushing further light-matter interaction at the level of a single atom [40].
They consist of a periodic arrangement of material layers with different index
of refraction. Being artificially fabricated, one of their main features that make
them more desirable over optical nanofibre is their high tunability. Indeed, to
each structure corresponds its own dispersion relation, which can be engineered
to create frequency bandgaps for which the propagation of light is forbidden [41].
Operating on the edge of such a bandgap then allows to exploit the flatness of the
dispersion relation, yielding slow group velocities [42, 43, 44, 45] and therefore
increasing the interaction strength (2.12). Another aspect that adds up to their
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potential is the integrability of the waveguide [46], which is crucial for scalability
and allows for the realisation of on-chip devices.
A major milestone was achieved with the efficient coupling of single caesium
atoms to a so-called alligator-shaped photonic crystal waveguide [47], demon-
strating a beta factor β ≈ 24% which was unprecedented for natural atoms.
Remarkably, this very same design has been improved within a year to enhance
the interaction even more, reaching β ≈ 50% and observing collective effects be-
tween few atoms [48]. Besides the direct implications for nonlinear optics in the
context of waveguide QED, it is also worth noting that the platform allows for
the exploration of novel physics which emerges when operating with atomic tran-
sitions within the photonic bandgap, leading to atom-atom interactions without
dissipation [49].
2.2.3 Artificial atoms
The theoretical framework of waveguide QED is not restricted to the description
of natural atoms. In particular, it applies equally well for artificial atoms coupled
to one-dimensional bosonic channels of any form. Among the various advantages
of these platforms are the complete tunability of the atomic transition frequency,
the stability of the system which can be fabricated on chip and does not require
to trap the atoms, and the resulting large coupling that can be achieved with
typical β & 95%.
An example of such a configuration is the coupling of superconducting qubits
to an open transmission line that supports microwave photons [50, 51]. This
successful platform has allowed for the experimental demonstration of a photon
router via the help of a circulator [52], a single-microwave-photon detector [53]
and the observation of collective effects between two atoms [54]. It is important
to note however that while coherence times have significantly improved in the
recent years [55, 56], operating in the microwave domain with superconducting
atoms comes with the drawback of working at extremely low temperatures on the
order of millikelvin and limits the driving light to coherent states, yet of possibly
very weak power. Scaling up the number of atoms on a chip is also a challenge,
even though outstanding progress has been made in this direction with several
thousands of flux qubits collectively coupled on a single silicon wafer [57].
An other artificial atom of interest is the quantum dot, a semiconductor-based
box that confines electrons and therefore leads to discrete electronic states which
can be shaped by tuning the size of the confinement and by the various possible
choices of material [58]. In recent years, remarkable improvement in the inter-
action strength has been demonstrated by integrating a InGaAs quantum dot
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emitting at optical frequencies within a photonic crystal made of GaAs [59, 60].
The platform is especially promising for realising a broadband single-photon
source [61], which takes advantage of the direct coupling to propagating modes
to achieve high efficiency, as opposed to cavity-based designs for which one would
yet need to outcouple the standing-wave photon to the outside channel [62]. Im-
portantly, this artificial atom also operates at relatively low temperatures on the
order of few kelvin, as quantum dots at room temperature decohere dramatically
under the influence of their environment, and scaling up their number on a chip




This chapter is based on
• Solving the scattering of N photons on a two-level atom without
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Analytically solving the scattering of an arbitrary state of light onto a quantum
emitter is a long-standing problem in quantum optics. From the theory point of
view, the most elementary system of waveguide QED consists of a single two-
level atom coupled to a one-dimensional waveguide. This system has stimulated
a lot of research aiming to characterise how would some specific states of light
be scattered in an experiment. Of the most notable is the seminal work [63] by
P. Domokos and co-authors who tackled the scattering of a singe-photon pulse
as well as coherent states. J. T. Shen and S. Fan later introduced a power-
ful framework based on the Lippmann-Schwinger (L-S) equation for solving the
transport of a single photon [64] and the predicted extinction at resonance has
been observed experimentally with low-power coherent states [51, 65]. While the
transport of two photons has been successfully addressed immediately after [66],
it was not until 2015 that several theoretical proposals have been put forward
to deal in a systematic way with the scattering of N arbitrary photons. Among
these are versatile approaches that leave aside the nature of the scatterer and
could in principle be applied to a wide variety of systems [67, 68]. In the specific
case of a two-level atom, an important step has been achieved in [69] where the
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Fig. 3.1: Analogy between the atom coupled to the waveguide and a conventional
beam splitter at the single-photon level.
authors extended the L-S framework to the scattering of N photons. Of impor-
tance are also the results of M. Pletyukhov and V. Gritsev which are derived for
a chiral waveguide using an operator formulation of L-S [70].
The results reported in this chapter and published in Ref. [71, 72] are moti-
vated by the fact that the two-level atom is one of the simplest nonlinear scatterer
one could think of. As such, there should be a way of describing the scattering
event – including the dynamics – with few computations. Moreover, this becomes
more than a theoretical challenge as current experiments are about to enter the
realm of reliably generating arbitrary photonic states [73, 74]. Here we propose
a systematic method, which for the first time not only explains how the atom in-
duces correlations between the scattered photons, but uses this very knowledge
to greatly simplify the theoretical description. The key difference with recent
efforts is that the end-user does not need to compute the system dynamics and
recalculate the response function for each number of incoming photons N sepa-
rately. Instead, our main result is the operational translation of the well-known
statement that a two-level atom can only absorb or emit at most one photon at
a given time.
Outline: We first briefly review the well-known scattering of a single photon
impinging onto an atom. We then introduce our novel approach for solving the
scattering of N photons without computation, which allows to express the physi-
cal quantity of interest as simple integrals over the initial incoming wavepackets.
Starting with 2-photon pulses, we compare the method with existing analytical
results and go beyond post-scattering quantities by deriving the atomic excitation
during the scattering event. The key substitution that captures the nonlinearity
of the atom is then shown to hold in the more general N -photon case, which we





For a single-photon state (2.5), the atom effectively plays the role of a two-input
two-output beamsplitter, as illustrated in Fig. 3.1. Like any realistic beamsplit-
ter, it splits the incoming light into the non-overlapping output paths a and b
with reflection and transmission coefficients that are frequency dependent
aˆ†ω → tωaˆ†ω + rω bˆ†ω and bˆ†ω → tω bˆ†ω + rωaˆ†ω, (3.1)
where the coefficients were previously found to be [64]
rω =
−i
(ω − ωA)/γ + i and tω =
(ω − ωA)/γ
(ω − ωA)/γ + i . (3.2)
The atomic response thus resembles that of a mirror, reflecting resonant light
within a bandwidth characterised by the atomic linewidth γ. Specifically, for
an incoming wavepacket of frequency bandwidth Γ  γ centred at ωph, the
corresponding monochromatic reflectivity takes the form
|rω|2 = γ
2
(ωph − ωA)2 + γ2 , (3.3)
which leads to full reflection at resonance. This analogy, at the single-photon
level, between the atom and a fully reflecting mirror will be at the core of the
cavity studied in Chapter 4.
Now if the atom was a non-saturable linear beamsplitter, the scattering of
any arbitrary state of light would trivially follow from (3.1), bringing this chapter
to an end. In practice however, the atom does not respond to multiple photons
in the same way it does with a single photon. This nonlinear response emerges
from the saturability of the atomic transition and introduces an effective photon-
photon interaction, a sine qua non condition for implementing two-qubit gates
between photons1. In the following, we are therefore interested in characterising
the atom’s impact on an incoming state of N photons. To give a flavour of the
method, let us note here that the lorentzian response found for the scattering of a
single photon is nothing else than the Fourier transform of the exponential decay
profile spontaneously emitted by an initially excited atom, which was previously
shown in Fig. 2.2(a).
1Note that the photon-photon interaction does not necessarily need to be implemented by
quantum scatterers in the context of quantum computing. In particular, the KLM protocol for
universal computing [75] relies solely on linear optics elements, complemented by single-photon
sources and detectors which introduce the necessary photon-photon interaction via projective
measurements. Because it relies on the measurement outcome, the need for postselection
implies that the effective gates are non-deterministic.
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3.2 Transforming to the time domain
As hinted at the end of the previous section, a key step to reveal the physics of
the atom’s impact on the scattered light is to work in the time domain [26]. We







where ωA is chosen as a reference frequency and τ is the time distance from the
wavefront. The wavefront is associated to the first wavepacket that reaches the
atom and sets the start of the scattering event. It therefore coincidences with
the atom’s position at initial time t = 0 and propagates away from it at future
times. With this knowledge, we can now express the incoming state for a light










ξn(τ1, . . . , τN)√







where ξn(τ1, . . . , τN) is the Fourier transform of the wavepacket fn(ω1, . . . , ωN)
associated with n photons travelling to the right and the rest travelling to the
left, describing the time profile of the photons.
3.2.1 Heisenberg equations
Motivated by the high coupling efficiencies recently achieved experimentally and
reviewed in Section 2.2, we will focus on the ideal case where spontaneous emis-
sion of the atom to the environment is negligible. The dynamics is therefore

















where time is normalised in units of the atomic lifetime γ−1. Note that it natu-
rally takes the form of a local interaction between the atom, located at zA = 0,
and the light field, of which the wavefront is at a time distance t from the atom
at dynamical time t. Our results are then obtained by deriving the Heisenberg
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equations for the atom and field operators as d
dt




















bˆτ = δ(t− τ) σˆ−, (3.9)
with the Pauli matrix σˆz = |e〉〈e| − |g〉〈g |.
The next step consists in eliminating the time-dependent field operators from
the atom equations (3.7) and (3.8). To this end, we formally integrate the field
operators as
aˆτ (t) = aˆτ (0) + θ(t− τ)σˆ−(τ), (3.10)




σˆz = −2(1 + σˆz)− 2(σˆ+ dˆin + dˆ†in σˆ−), (3.11)
d
dt
σˆ− = −σˆ− + σˆz dˆin, (3.12)
where dˆin(t) = aˆt(0) + bˆt(0) is a field operator whose action on the initial
state (3.5) is well-defined. Specifically, it takes out a photon from the initial
state at a time distance t from the wavefront.
3.2.2 Where is the nonlinearity?
Of particular interest is the solution to the last equation (3.12)






Here the first term corresponds to the relaxation of an initially excited atom
while the last term is less straightforward to interpret. Indeed, if the atom was
to respond like a linear beamsplitter, i.e. without being saturated and dealing
with each photon as if the others were absent, this last term would effectively
have the form






which is simply the emission of a photon at time t that could have been absorbed
at anytime t′ from the start of the scattering event. The probability of absorption
appears here in the form of the atomic exponential response function, which
ensures that the photon is most likely to have been absorbed in a time window
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of order γ−1 before the emission. As a side comment, the minus sign corresponds
to the well-known pi phase shift from a dipole emission [76].
It is important to note here that the linear form (3.14) is not derived with
the use of the weak-excitation limit, where one would typically assume that the
atom mostly stays in the ground state and σˆz → −1 is set by hand. Instead,
we use the argument that once dˆin has removed from the initial state a photon
being scattered in the linear regime, the subsequent atomic operator σˆz in (3.13)
effectively acts on the empty state |vac〉 ⊗ |g〉, yielding −1. In fact, one way to
naturally visualize the linear regime is to imagine that the incoming photons are
being sent on a set of N colocated atoms, where each atom only sees one photon.
This pictures that the atomic response to each photon is dictated by the single-
photon regime, which is the essence of the linear regime, while no assumption is
being made on the excitation of the atom.
Coming back to the actual response of the system (3.13), it is therefore the
presence of σˆz(t′) that translates the nature of the atom as a saturable nonlinear
scatterer and imposes, somehow, that the atom can only absorb or emit at most
one photon at a given time. In the following, we will prove this statement and
show how to use it to our advantage when describing a scattering event.
3.3 Demonstrating the method with two photons
In this section we will restrict ourselves to the case of a two-photon pulse incoming
onto the atom initially in the ground state, that is |ψin〉 = |ψ2〉 ⊗ |g〉. Here
the goal is to introduce our novel approach in this preliminary situation before
proceeding to the general case.
In a scattering event, one is typically interested in the evolution of wavepack-
ets as a function of time. In particular, the L-S formalism gives access to the
long-time limit of these wavepackets [66, 69, 77]. To illustrate our method, let us
study the wavepacket associated with counter-propagating photons ξ˜1(τ1, τ2, t) ≡
〈∅|bˆτ2(t) aˆτ1(t)|ψin〉, where |∅〉 = |vac〉 ⊗ |g〉 and the initial state (3.5) implies
ξ˜1(τ1, τ2, 0) = ξ1(τ1, τ2). Note that this does not restrict the class of input states
|ψin〉 but is merely a choice of what output we wish to look at, here being coinci-
dence events. The study of other wavepackets would follow the same procedure.
3.3.1 Step 1: drawing Feynman diagrams
First, we start by decomposing the possibilities of having counter-propagating
photons in terms of Feynman diagrams. Specifically, these diagrams correspond
to the possible photonic paths that shall be summed in order to obtain the ampli-
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Fig. 3.2: The different diagrams corresponding to the case of counter-propagating
photons. (a) Both photons did not interact with the atom. (b) and (c) Only one
of the photons has been absorbed and reemitted. (d) Both photons have been
emitted by the atom.
tude of the process under study [78]. Note that, contrary to particle physics [79],
our system does not call for a perturbative expansion as we can exhaustively
list all the contributing diagrams. This is a direct consequence of the fact that
each photon is only given a single chance to interact with the atom. Moreover,
the strong directionality of the waveguide implies that the atom is effectively a
two-input-two-output scatterer.
The diagrams are shown in Fig. 3.2 and translate as
bˆτ2(t) aˆτ1(t) = bˆτ2(0) aˆτ1(0) + θ(t− τ1) σˆ−(τ1) bˆτ2(0) + θ(t− τ2) σˆ−(τ2) aˆτ1(0)





where the Heaviside functions ensure that a photon that has not yet reached
the atom cannot originate from an atomic emission. Note that another straight-
forward way of obtaining this decomposition would be to substitute the field
solution (3.10). The time-ordering superoperator T then emerges from the com-
mutator [bˆτ2(τ1), σˆ−(τ1)] = 0 which implies that at different times
[bˆτ2(0), σˆ−(τ1)] = −θ(τ1 − τ2)[σˆ−(τ2), σˆ−(τ1)]. (3.16)
The first thing to notice at this stage is that all the terms in the first line
of (3.15) are trivially linear and contribute to ξ˜1(τ1, τ2, t) as simple functions of
the incoming wavepackets
〈∅|bˆτ2(0) aˆτ1(0)|ψin〉 = ξ1(τ1, τ2), (3.17)







′, τ2) + ξ1(t′, τ2)
]
,







′) + ξ1(τ1, t′)
]
.
Therefore in the process of solving the scattering of two photons, it is the last
term of (3.15), which involves two successive atomic emissions, that calls for a
more thorough analysis.
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3.3.2 Step 2: treating the atom as a non-saturable linear
beamsplitter with a twist
Let us assume here that τ2 is greater than τ1 without loss of generality. If the
atom was a linear scatterer (3.14), the last term in (3.15) would read
















Now our main result is that the actual atomic response is in fact of the form
〈∅|σˆ−(τ2) σˆ−(τ1)|ψin〉 = 〈∅|σˆlin− (τ2, τ1) σˆlin− (τ1)|ψin〉, (3.19)
where






takes into account the fact that the photon emitted at τ2 has necessarily been
absorbed after the emission of the first photon at τ1. Therefore, in practice, one
simply needs to shift the start of the first integral in the linear expression (3.18)
in order to fully grasp the impact of the atomic nonlinearity onto the scattered
light without doing any computation. This simple substitution concludes the
derivation of ξ˜1(τ1, τ2, t) which is now expressed solely in terms of simple integrals
over the incoming wavepackets.
3.3.3 Proof of the main result in the two-photon case
We will now present a detailed proof of the main result (3.19) for the input state





′)〈∅|σˆ−(τ2) σˆz(t′) dˆin(t′)|ψin〉, (3.21)
where we recall that τ2 is assumed to be greater than τ1.
As pointed out in Section 3.2.2, it is the presence of σˆz(t′) that dictates the
nonlinear response of the atom. However at this level it is not clear yet how to














′′) dˆin(t′′) + H.c
]
. (3.22)










′)|ψin〉 = 0 where we used the
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absence of initial excitation in the atom;
• − ∫ τ1
0
dt′ e−(τ1−t
′)〈∅|σˆ−(τ2) dˆin(t′)|ψin〉 = 〈∅|σˆlin− (τ2) σˆlin− (τ1)|ψin〉 which cor-
responds to a linear scatterer (3.18). The remaining terms will thus contain
the nonlinear correction;







′−t′′)〈∅|σˆ−(τ2) σˆ+(t′′) dˆin(t′′) dˆin(t′)|ψin〉






′−3t′′)〈∅|dˆin(t′′) dˆin(t′)|ψin〉 where the simpli-
fication arises from the presence of only two photons in the input state.
The atomic operators are thus effectively acting on the vacuum state;







′−t′′)〈∅|σˆ−(τ2) dˆ†in(t′′) σˆ−(t′′) dˆin(t′)|ψin〉










we have again used the presence of only two photons in the input state and
substituted σˆ−(t′′) using (3.12), yielding a third integral.












′′ so that the integral over t′′,
which does not involve any operator, can be evaluated. One is then left with a


















The role of this contribution is now transparent and yields the main re-
sult (3.19) when combined with the linear term (3.18).
3.3.4 Comparison with results obtained via L-S formalism
In this section, we will consider the two-photon scattering event described in sec-
tion VII of [80] and show that our method recovers exactly their results obtained
with the L-S formalism. As mentioned previously, the L-S formalism gives access
to the long-time limit of the outgoing wavepackets. We will therefore compare
those outgoing wavepackets which have been obtained in the frequency domain
with our results which are derived in the time domain.
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The specific input state considered in [80] consists of two photons incoming
from the left, such that only ξ2(τ1, τ2) contributes to the initial state (3.5). The
outgoing wavepackets in the frequency domain were then found to be
f
[80]








































































= tω1tω2 ξ2(ω1, ω2) +B
[80](ω1, ω2),
where we have used (128), (130) and (127) of [80] to substitute the respective





and Saa,aaω1ω2,ω′1ω′2 . Here tω = 1 +







′, ω1 + ω2 − ω′) (3.27)
is the nonlinear correction that we expect to be equivalent to what we obtained
in the time domain (3.23). As a side remark, the non-trivial form it takes in the
frequency domain is already a hint of why the intuitive time domain approach
might be more suitable to extend the description to more input photons.
We now proceed with our method, which gives in the time domain
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f1(τ1, τ2) = lim
t→∞
〈∅|bˆτ2(t) aˆτ1(t)|ψin〉 (3.29)





















Would our goal be to solve the scattering event, we could stop here and use
our main result to express the nonlinear term as presented in Section 3.3.2.
However in order to compare with [80], we will now inverse Fourier transform
the wavepackets into the frequency domain. As far as the linear part is concerned,














2 rω2 ξ2(ω1, ω2),
F−1
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2 rω1rω2 ξ2(ω1, ω2),
and we straightforwardly recover the linear contributions in (3.24), (3.25) and









− σˆlin− (τ2) σˆlin− (τ1)|ψin〉
)
(3.32)









′, t′′) + (τ1 ↔ τ2).
The key to proceed further is to inverse Fourier transform along the τ2 vari-





for the second term). We can then use the following property which is valid
for any two-dimensional function g(ω1, ω2) with a well-defined Fourier transform
F [g(ω1, ω2)](τ1, τ2) = g(τ1, τ2)
F−1[g(τ, τ)](ω) = 1√
2pi
∫


















′, ω1 + ω2 − ω′),
such that we recover exactly the nonlinear term (3.27), which concludes our
comparison with [80].
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Fig. 3.3: The different diagrams corresponding to a photon propagating to the
right. (a) This photon did not interact with the atom. (b) It has been absorbed
and reemitted.
3.3.5 Atomic excitation during the scattering event
In fact, our method is not limited to describing the effect of the atom onto the
light but also proves useful for instance to track the atomic excitation during the
scattering event. Indeed, the probability of excitation is given by




dτ |〈∅|σˆ−(t) aˆτ (t)|ψin〉|2 + |〈∅|σˆ−(t) bˆτ (t)|ψin〉|2,
which corresponds to an excitation being present in the atom at time t while the
other photon is propagating in any direction. Following step 1, we first express
the photon field in terms of Feynman diagrams as illustrated in Fig. 3.3
σˆ−(t) aˆτ (t) = σˆ−(t) aˆτ (0) + θ(t− τ) σˆ−(t) σˆ−(τ), (3.35)
and similarly for σˆ−(t) bˆτ (t). Again the first term’s contribution is trivially linear
and is readily given in terms of the initial wavepackets as shown in (3.17). On
the other hand, we recognise the second term and applying our main result (3.19)
ends the derivation.
3.3.6 An illustration with square pulses
In this last section concluding the 2-photon scenario, we illustrate the simplicity
of the method by applying it to a specific incoming state of light, which we choose
to be resonant counter-propagating square pulses ξ1(τ1, τ2) = ξ(τ1)ξ(τ2) with
ξ(τ) =
√
Γ/2 θ(2/Γ− τ), (3.36)
and ξ0(τ1, τ2) = ξ2(τ1, τ2) = 0.
Using the field decomposition (3.15) and replacing the trivially-linear contri-
butions (3.17), the wavepacket at any time t is readily expressed as
ξ˜1(τ1, τ2, t) = ξ1(τ1, τ2)− θ(t− τ1)ξ(τ2)h(τ1, 0)− θ(t− τ2)ξ(τ1)h(τ2, 0) (3.37)
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where the integral over the wavepacket is given by










1− e−(τf−τi)] if τf ≤ 2/Γ√
Γ/2
[
e−(τf−2/Γ) − e−(τf−τi)] θ(2/Γ− τi) otherwise.
One of the advantages of considering square pulses is how transparent the action
of the atom on the scattered light is, allowing us to straightforwardly interpret
each term. In particular, the first term corresponds to a photon emitted at a
time distance τf before the end of the pulse from which it was absorbed. As
a consequence, it could have been absorbed at any time in the past of this
emission, and the integral simply yields a correction term e−(τf−τi) that vanishes
as long as the atom is given enough time to absorb the photon. On the other
hand, the second term corresponds to a photon emitted when the entire square
pulse already passed by the atom τf > 2/Γ and is not driving it anymore. The
heaviside function therefore captures that the photon had to be absorbed when
the pulse was still driving, which naturally imposes a time window on the order
of the atomic response time γ−1, i.e. this term vanishes for τf  2/Γ.
We are now left with the contribution corresponding to the emission of two
photons from the atom, for which we use the results of Section 3.3.2 to derive







2h(τ2, 0)h(τ1, 0) linear beamsplitter2h(τ2, τ1)h(τ1, 0)θ(τ2 − τ1) + τ1 ↔ τ2 atomic response.
Note how the atomic response vanishes when asking for both photons to be
emitted at the same time τ1 = τ2.
In Fig. 3.4, we compare the amplitude square of the output wavepacket after
the scattering event |ξ˜1(τ1, τ2, t → ∞)|2 for different frequency bandwidth Γ.
We see that the output light is mostly affected by the atomic nonlinearity for
bandwidths comparable to the atomic linewidth Γ ∼ 1. This is consistent with
previous findings [81] and can be understood from Fig. 3.5 where we show the
excitation probability of the atom during the scattering event (3.34), which reads
Pe(t < 2/Γ) = 2
∫ ∞
0
dτ | − h(t, 0)ξ(τ) + 2θ(t− τ)h(t, τ)h(τ, 0)|2 (3.40)
= Γ(1− 2Γ− 2e−t[1 + 4Γ(1− t)] + e−2t[1 + 2Γ(5 + 2t)]).
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Fig. 3.4: The outgoing wavepacket in the long-time limit |ξ˜1(τ1, τ2, t→∞)|2 for
resonant square pulses of various bandwidth Γ. The first column corresponds
to the photons being scattered by the atom. Note that since the atom can only
spontaneously emit a single photon, the wavepacket vanishes for τ1, τ2 > 2/Γ.
The second column, meant for comparison, is the fictitious situation where the
atom would respond like a non-saturable linear beamsplitter.
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Fig. 3.5: Probability of atomic excitation as a function of time t in units of
the pulse duration 2/Γ. The green, red and blue line correspond respectively to
frequency bandwidth Γ = 0.1, Γ = 1 and Γ = 10.
Indeed, the monochromatic regime Γ 1 corresponds to very long pulses in time
such that the atom is only weakly excited on average. The atom is thus given
enough time to essentially respond to each photon as if the other was absent,
leading to an almost linear response except for the components of the wavepacket
near the diagonal τ1 = τ2 as shown in Fig. 3.4(a)-(b). On the other end is the
regime of large bandwidth Γ  1 where most of the pulse is off-resonant and
passes through the atom without interacting, as illustrated in Fig. 3.4(e)-(f). The
regime Γ ∼ 1 shown in Fig. 3.4(c)-(d) therefore combines the advantages of pulses
concentrated in time (higher intensity) and in frequency (resonant coupling),
leading to significant excitation and hence nonlinearity induced by the atom.
3.4 Main result in the case of N initial excitations
Having established the working principle of our method in the two-photon case,
we will now proceed to the most general situation where the number of incoming
photons is arbitrary and the atom is not necessarily in the ground state. Specif-
ically, the input state consists of N initial excitations distributed between the
field and the atom |ψin〉 = cg|ψN〉 ⊗ |g〉+ ce|ψN−1〉 ⊗ |e〉.
3.4.1 An intuitive generalization
When decomposing in terms of Feynman diagrams, the possibility of having
multiple photons originating from atomic emissions gives rise to higher-order
contributions. These are responsible for the complexity of previous approaches
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which treat the atom as a generic scatterer and require to solve the scattering
problem for each of these diagrams from scratch, recalculating the system’s re-
sponse. Here lies the advantage of our method, which is based on the physics of
the atomic response and allows to bypass calculations by capturing the system’s
nonlinear response in a transparent substitution. Indeed, our main result extends
naturally to the case of N excitations
〈∅|σˆ−(τN) · · · σˆ−(τ1)|ψin〉 (3.41)
= 〈∅|σˆlin− (τN , τN−1) · · · σˆlin− (τ2, τ1)
[
e−τ1σˆ−(0) + σˆlin− (τ1)
]
|ψin〉,
where τN > . . . > τ1 are time-ordered. This is a remarkably simple and intuitive
operational translation of the atomic nonlinearity, which allows one to derive any
quantity of interest as straightforwardly as if the atom was a linear beamsplitter.
Moreover, the fact that the scatterer could have some initial excitation before
the scattering event is nicely taken into account by the term e−τ1σˆ−(0).
3.4.2 Proof of the main result in the N-excitation case
In this section we will prove the main result in the N -excitation manifold (3.41)
by induction based on the 2-excitation result. For the latter, in addition to (3.19)
we also need to consider the case where the atom is initially excited, which yields





































The base for our induction proof thus reads
〈∅|σˆ−(τ2) σˆ−(τ1)|2 exc.〉 = 〈∅|σˆlin− (τ2, τ1)
[
e−τ1σˆ−(0) + σˆlin− (τ1)
]
|2 exc.〉. (3.43)
where |2 exc.〉 stands for any initial state consisting of two excitations distributed
between the light field and the atom.
Now let us assume that our result holds in the N -excitation manifold
〈∅|σˆ−(τN) · · · σˆ−(τ1)|N exc.〉 (3.44)
= 〈∅|σˆlin− (τN , τN−1) · · · σˆlin− (τ2, τ1)
[
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and prove that this implies that our result also holds in the N+1-excitation
manifold. This reads
〈∅|σˆ−(τN+1) · · · σˆ−(τ1)|N + 1 exc.〉 (3.45)
= 〈∅|σˆlin− (τN+1, τN) · · · σˆlin− (τ3, τ2)
[
e−τ2σˆ−(0) + σˆlin− (τ2)
]
σˆ−(τ1)|N+1 exc.〉
= 〈∅|σˆ−(τ2) σˆ−(τ1) σˆlin− (τN+1, τN) · · · σˆlin− (τ3, τ2)︸ ︷︷ ︸
removes N−1 photons from initial state
|N+1 exc.〉,
where we used the commutation relation
[
σˆlin− (τi+1, τi) , σˆ−(τ1)
]
= 0 for any
τi > τ1. Now applying the previous result on the 2-excitation manifold (3.43)
and rearranging the terms concludes the proof and one finds
〈∅|σˆlin− (τN+1, τN) · · · σˆlin− (τ2, τ1)
[
e−τ1σˆ−(0) + σˆlin− (τ1)
]
|N+1 exc.〉. (3.46)
3.5 Solving the reflection of N photons
In order to illustrate the power of our method, we will go beyond the usual few-
photon examples addressed numerically in the literature and tackle the reflection
of N photons on the atom initially in the ground state |ψin〉 = |ψN〉 ⊗ |g〉. For
the sake of concreteness, we will assume that these photons are all incoming from
the left, such that only the wavepacket ξN(τ1, . . . , τN) contributes to the input
state (3.5). The most complete description of the reflection event is given by the
wavepacket corresponding to all the photons travelling to the left
ξ˜0(τ1, . . . , τN , t) ≡ 〈∅|bˆτN (t) · · · bˆτ1(t)|ψin〉/
√
N !, (3.47)
with ξ˜0(τ1, . . . , τN , 0) = 0 at initial time.
When decomposing in terms of Feynman diagrams, it is clear that all the N
photons have to be absorbed by the atom in order to reverse their direction of
propagation. Therefore, the first step reads
〈∅|bˆτN (t) · · · bˆτ1(t)|ψin〉 = θ(t− τ1) · · · θ(t− τN)〈∅|T
[




where we used our knowledge of the initial state to dramatically reduce the
number of contributing Feynman diagrams to 1. From now on, let us assume
τN > . . . > τ1 are time-ordered without loss of generality. We can then apply
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our main result, which gives













−(τN−tN ) · · · e−(τ1−t1) ξN(t1, . . . , tN),
and ends the derivation of ξ˜0(τ1, . . . , τN , t) without a single calculation being
done. Intuitively, we are asking all the photons to be absorbed subsequently
given their initial distribution ξN(t1, . . . , tN).
As a practical example, we will consider the specific incoming light that would
be generated from the proposal [73]. There, the authors show how to use a
large number of three-level atoms in a superradiant configuration as a source for
deterministically generating N -photon states in the one-dimensional waveguide.
In the simplest case, the photons would all be emitted at ωA with the same





Γ e−τi Γ/2. (3.50)
Note that the frequency bandwidth of this mode Γ is essentially given by the
superradiant decay rate of the source and is therefore adjustable by adding or
removing atoms from the source. Since these photons are all emitted into the
same mode, it is straightforward to show using (3.49) that ξ˜0(τ1, . . . , τN , t) is








e−τi Γ/2 − e−τi+τi−1 (1−Γ/2)
1− Γ/2 . (3.51)
From the knowledge of ξ˜0(τ1, . . . , τN , t), we also have access to the probability
of finding all the photons reflected after the scattering event RN . Indeed, the






dτN · · ·
∫ ∞
0
dτ1 |ξ˜0(τ1, . . . , τN , t)|2 (3.52)







dτ2 · · ·
∫ ∞
τN−1







dτ2 |h(τ2, τ1)|2 · · ·
∫ ∞
τN−1
dτN |h(τN , τN−1)|2,
where we have used the bosonic exchange symmetry to rearrange the integral in
a time-ordered manner. Also note that the dynamical time t only appears via
the Heaviside functions in (3.48), which are equal to unity in the long-time limit.
34
3.5. SOLVING THE REFLECTION OF N PHOTONS






Fig. 3.6: Probability of finding the N photons reflected as a function of the
frequency bandwidth Γ normalized to the atomic linewidth γ. The curves from
right to left correspond to a photon number N of {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 20}.
Finally, the expression for RN can be given a compact analytical form by
noticing the following property for any m ∈ N∫ ∞
τi−1
dτi e
−mτi Γ |h(τi, τi−1)|2 = 4 e
−(1+m) τi−1 Γ
(1 +m)(2 +mΓ)(2 + Γ + 2mΓ)
, (3.53)
which implies that the probability is given by




(1 +m)(2 +mΓ)(2 + Γ + 2mΓ)
. (3.54)
Therefore, using our method, we have obtained the probability of finding the N
photons reflected to the left as a function of their frequency bandwidth Γ. The
result is given in Fig. 3.6 for variousN . Its qualitative features can be understood.
In the limit of large bandwidth, more and more frequency components of the pulse
are off-resonant and simply pass by the atom without interacting. This explains
RN → 0 for Γ → ∞. In the limit of very narrow bandwidth, the N -photon
pulse is very long in time, thus the atom effectively responds to each photon
separately; and for a single-photon at resonance, full reflection is expected [64],
whence RN → 1 for Γ → 0. Between these two cases, the higher the number
of photons, the faster RN drops. This is the manifestation of the fact that the






This chapter is based on
• Rabi oscillation in a quantum cavity: Markovian and non-Markovian
dynamics [arXiv:1505.07908]
P. O. Guimond, A. Roulet, H. N. Le and V. Scarani
Physical Review A 93, 023808 (2016).
The interaction between a single atom and a single photon is the basic process
of quantum electrodynamics. As reviewed in Chapter 1, one way of achieving
strong interaction consists in trapping the atom within a cavity formed by two
highly-reflecting mirrors. The signature of quantum behaviour is then provided
by Rabi oscillations, the evidence of the periodic emission and reabsorption of the
photon by the atom1. In this now textbook configuration, the mirrors are uni-
versally treated as classical objects, and for normal mirrors made of macroscopic
objects, there is no reason not to do so. However, it has recently been noticed
that quantum objects can act as mirrors too: in some conditions, a single atom,
or a linear array of atoms, may indeed reflect light perfectly (see Section 3.1).
Building on this insight, the natural question that arises is whether one can build
a cavity from atomic mirrors and recover the physics of a standard cavity. If this
is the case, this novel device would combine the rich toolbox of cavity electro-
dynamics with mirrors made of microscopic quantum objects, opening the door
for exotic physics such as placing the cavity in superposition of frequencies [82]
or delayed-choice type of experiments [83].
This hybrid strategy of merging cavity with waveguide quantum electrody-
namics has been first put forward by D. E. Chang et al. [23], where a chain of
atoms strongly coupled to a one-dimensional waveguide is proposed as a mirror
in a cavity setup (cf. Fig. 4.1). In this seminal work, it is assumed that the col-
lective response time of each atomic mirror is much longer than the time it takes
1This refers to the regime of interest for which the rotating wave approximation is valid.
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Fig. 4.1: Cavity QED using atomic mirrors: an initially excited atom (orange) is
sitting inside a cavity formed by two quantum mirrors (red). The latter consists
in a chain of atoms with lattice constant dm. When arranged in a superradiant
configuration ωAdm/c = lpi with l an integer, the chain forms a Bragg mirror.
The spatial extension of the mirrors is small compared to the cavity length d.
for the photon to travel from one mirror to the other, and as a consequence the
delay due to this travel time is neglected. This approach is the Markov approx-
imation commonly used to accurately describe the interaction of photons with
many atoms in a wide range of experimental situations. There are, however,
certain cases where this assumption is not necessarily justified [84, 68]. In this
chapter based on the results published in Ref. [85], we show that in the Marko-
vian regime the lifetime of the photon inside the cavity is not enhanced by the
presence of the mirrors, and therefore sustained Rabi oscillations analogous to
that observed in conventional CQED setups cannot be obtained. In other words,
even though each mirror is perfectly reflecting when isolated, the cavity is inca-
pable of trapping the photon. Notwithstanding, we find that Rabi oscillation in
the usual sense can be achieved by operating the cavity in the non-Markovian
regime, where the atomic mirrors respond on the fastest timescale of the system.
On a broader note, the results reported in this chapter show how new physics
arises when parts of the measurement apparatus, usually considered classical,
are replaced by quantum objects intended to have the same functionality.
Outline: We start by introducing the chain of atoms that forms the mirrors.
We then investigate the Rabi oscillation of an initially excited atom placed inside
the quantum cavity, as depicted in Fig. 4.1. To this end, we study how its
excitation probability amplitude evolves with time. Our approach is valid for
both Markovian and non-Markovian regimes, for which we compute the figures
of merit that are the Rabi frequency and the cavity loss rate through the mirrors.
We physically explain the need for operating in the non-Markovian regime to
observe cavity quantum electrodynamics and show that the analogy also holds
in the situation where the atom is detuned from the cavity mode, recovering the
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Fig. 4.2: Reflectance of an atomic mirror as a function of the detuning with
respect to the transition frequency ωph − ωA. The green, blue and red curves
represent respectively a mirror made of N = 1, 10 and 100 atoms. The lattice
spacing satisfies the Bragg condition ωAdm/c = pi.
generalised Rabi frequency.
4.1 Atomic mirrors
Let us first describe the atomic mirror formed by a chain of N  1 identical
two-level atoms strongly coupled to a one-dimensional waveguide and equally
spaced by a distance dm, as illustrated in Fig. 4.1. For a monochromatic single
photon impinging on the atomic mirror, the reflectance Rm strongly depends on
the lattice constant dm and the number of atoms N [86]. In particular, when the
phase accumulated between two atoms of the chain ωAdm/c is a multiple of pi,
the reflectance takes the form of a broadened Lorentzian [23]
Rm =
(Nγ)2
(ωph − ωA)2 + (Nγ)2 , (4.1)
which is similar to the single-atom response (3.3) but with a frequency bandwidth
of reflected light Nγ that is significantly enhanced by the large number of atoms
in the chain, as shown in Fig. 4.2. This is an example of the well-known Bragg
mirror [87, 88, 89] and we will focus on this geometry for the rest of the chapter.
The strong reflection follows from the fixed phase relation between the atoms,
yielding constructive interference for the reflected component of the field.
Recently, two independent groups have concurrently reported on the experi-
mental realisation of such mirrors with the tapered-fibre architecture introduced
in Section 2.2.1, trapping thousands of caesium atoms in a Bragg configura-
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tion [90, 91]. Importantly, this collective behaviour of the atoms can also be
understood in terms of superradiance [48], as explicitly shown in Appendix A
where the time scale of each mirror appears as 1/(Nγ). At the single-photon
level, the role of the atomic chain is thus effectively equivalent to that of a sin-
gle atom whose coupling rate would be directly equal to Nγ, which we already
noticed in the reflectance (4.1). This equivalence is especially relevant for im-
plementations based on artificial atoms, for which the coupling strength can be
precisely tuned for each individual atom [92]. However at this point a question
should naturally arise, which is at the core of the non-Markovian requirement
for recovering cavity quantum electrodynamics with such mirrors: if one atom
is sufficient for implementing an atomic mirror, what should its reflection band-
width Nγ be compared to in order to build a cavity? In particular, would it be
sufficient to simply consider the case of large N (red line in Fig. 4.2), for which
the reflection bandwidth is much larger than that of a photon emitted by a single
excited atom Nγ  γ ?
4.2 Let’s build a cavity
4.2.1 What is the setup?
We now consider the complete quantum cavity system formed by a central atom
located between a set of two atomic mirrors [23], as illustrated in Fig. 4.1. This
central atom is identical to those of the mirrors and described by the dipole




















where each atom j is located at zj and is associated the operator σˆ
(j)
+ .
An important parameter controlling the interaction between the central atom
and the cavity is the phase shift acquired by a resonant photon across the cavity
φ ≡ ωAd/c. We will focus on the case φ = (2n+ 1)pi, where n is an integer, such
that ωA corresponds to a natural mode of the cavity. In this configuration the
central atom is located at an antinode of this mode, maximising its interaction
with the cavity electromagnetic field.
It should be noticed that typical operating conditions for the cavity corre-
spond to the regime γd/c  1  N . The condition on the cavity length,
independent of the quantum nature of the mirrors, is nothing else than requiring
the free spectral range of the cavity c/d to be much larger than the linewidth of
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the central atom γ, such that the latter only sees a single discrete mode of the
cavity. In particular, in the limit N → ∞ where the mirrors would ideally re-
flect all frequencies, one would then expect to recover vacuum Rabi oscillations
between the central atom and the cavity field as described in the framework
of cavity quantum electrodynamics. Importantly, these oscillations are not ex-
pected to die out over time, as we consider the ideal situation where all the atoms
are strongly coupled to the one-dimensional waveguide via (4.2) and losses due
to the coupling with the environment can be neglected.
4.2.2 Time evolution
Following our focus on vacuum Rabi oscillations, the central atom is initially in
the excited state while the atoms in the mirrors are prepared in the ground state.












ω + cb(ω, t)bˆ
†
ω)|∅〉, (4.3)
with initial conditions cj(0) = δ0,j and ca(ω, 0) = cb(ω, 0) = 0. Here c0(t) is
the excitation probability amplitude of the central atom, of which we would like
to compute the time evolution. To this end, we use the Schrödinger equation
i~ d
dt


























iωzj/c + cb(ω, t)e
−iωzj/c] . (4.6)
Integrating formally the differential equations for the field variables ca(ω, t)
and cb(ω, t) and inserting them into the equations for cj(t), we derive a closed
set of 2N + 1 equations for the atomic excitation amplitudes












+ (zj − zj′ ↔ zj′ − zj). (4.7)
2From here onwards, we apply the Weisskopf-Wigner approximation (cf. Section 2.1.4).
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Here the frequency variable ω only appears in the exponential term, so that we
can perform the corresponding integral which yields delta functions of the form
δ(t− t′± (zj − zj′)/c). Given the boundaries of the time integral, we distinguish
two cases
• j 6= j′: only the delta function δ(t− t′− |zj − zj′ |/c) contributes, the other
corresponding to a time t+ |zj−zj′|/c that is outside of the integrated time
domain;
• j = j′: both delta functions contribute but with a factor of 1/2, the time
t being on the upper boundary of the integral.





eiωA|zj−zj′ |/ccj′(t− |zj − zj′ |/c)θ(t− |zj − zj′ |/c) (4.8)
where each atom feels the influence of the others with a finite time delay. This de-
lay corresponds to the time it takes for the light excitation to propagate between
the atoms given its finite speed c.
Following the detailed description of the mirrors in Appendix A, we can
neglect the propagation time due to the distance between any two atoms belong-
ing to the same mirror. Moreover, since we focus on the Bragg configuration
ωAdm/c = lpi with l an integer, we shall simplify the set of atomic variables by







Substituting the atomic positions
z0 = 0,
zj = (j + 1)dm − d/2 for −N ≤ j ≤ −1,
zj = (j − 1)dm + d/2 for 1 ≤ j ≤ N,
we are able to dramatically reduce the dynamics of interest to a pair of coupled
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delay-differential equations for the central atom and the cavity
c˙0(t) = −γc0(t)− γ
√
2Neiφ/2cm(t− d/2c)θ(t− d/2c), (4.10)
c˙m(t) = −γ
√







Note here that the delay due the travelling time of a photon exchanged between
the central atom and the two mirrors forming the cavity is included.
These equations can be solved by Laplace transform. It is straightforward to
show that the transform of c0(t) is3
c˜0(s) =
s+ γN(1 + e−sd/c+iφ)
(s+ γ)(s+ γN) + e−sd/c+iφ(s− γ)γN . (4.12)
The excitation amplitude c0(t) is then obtained by taking the inverse Laplace
transform. We show below that a compact analytical expression for c0(t) is
possible in the regime of interest γd/c  1  N . As mentioned above, we will
mainly consider the resonant case φ = (2n+ 1)pi which is assumed in the rest of
this chapter unless stated otherwise.
4.3 Markovian regime
4.3.1 Time to Rabi oscillate!
We first apply the Markov approximation and neglect the time delay d/c, which
is valid if this travel time of light in the cavity is much smaller than the collective
response time of the atomic mirrors 1/Nγ. By setting d = 0 in (4.12), we are
left with inverting the following Laplace transform
c˜0(s) =
s







+ (8N − 1) (γ
2
)2 − 1√8N − 1
√

























3See Appendix B for a brief review of the Laplace transform.
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This is consistent with the results of Ref. [23], which was exclusively considering
the Markovian case.
It thus appears that the central atom undergoes damped oscillations at the
frequency
√
2Nγ, which one might be happy to call Rabi oscillations for that
matter. Yet, it is manifestly clear that these oscillations do not have much in
common with the sustained Rabi oscillations encountered in conventional cavity
quantum electrodynamics. Indeed, the rate γ/2 at which the oscillations die out
is found to be comparable to the decay rate of a single atom into the waveguide
modes when the mirrors are not present, which suggests that the cavity is not
playing its role of trapping light. This should be even more puzzling since we
have ignored losses from the atoms to their environment. In other words, the only
channel available for the excitation to leave the cavity is to leak out through the
mirrors via the waveguide modes. We thus seem to have reached a paradoxical
situation here since by working in the regime N  1, we have in principle ensured
that each mirror, when taken individually, reflects any single-photon wavepacket
on a bandwidth Nγ that can be made arbitrarily large (see Section 4.1).
A further difference which is worth pointing at is that the oscillation frequency
depends on the number of atoms in the mirrors, while the Rabi frequency usually
depends on the modal volume of the field inside the cavity [93], which for our
one-dimensional architecture is given by the distance d between the two mirrors4.
Based on these observations, there is hence a need to physically understand why
surrounding the central atom with perfectly reflecting quantum mirrors seems
to barely add a modulation over its spontaneous emission, need that we shall
address in the following section.
4.3.2 Why is the excitation not trapped?
To provide further insight on why the oscillations in the Markovian regime do
not show the usual features observed in conventional cavity quantum electrody-
namics, we recall that by neglecting the delay one has assumed that the cen-
tral atom and the mirrors feel the influence of each other instantaneously, i.e.
d/c  1/(γN). Now for a propagating photon to be trapped in the cavity, its
distribution in space must have by definition a width at most comparable to d.
This localisation of the photon implies that the spread of its wavepacket in mo-
mentum space is lower bounded by ∆ω & c/d. On the other hand, ∆ω has to be
smaller than the reflection bandwidth γN of the atomic mirrors for the latter to
4We can safely neglect any increase in the cavity mode volume due to penetration of the
field into the mirrors [94] as long as their spatial extension is small compared to the cavity
length. This requirement translates as Ndm  d for atomic chains while it is trivially satisfied
for the single-atom implementation of the mirror.
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play their role of bouncing back the photon, which implies that d/c & 1/(γN),
where 1/(γN) is the collective response time of the mirrors. This inequality
manifestly contradicts the Markov approximation which assumes the delay to be
smaller than any other dynamical timescale in the cavity.
The discussion above makes it clear that if there is any hope of observing a
repeated exchange of excitation between the central atom and a trapped photon,
the cavity has to be designed in such a way that the dynamics of the system is
inherently non-Markovian. Specifically, the critical parameter that determines
the transition between the two regimes is Nγd/c. However, at this point it still
remains to show whether operating the device in the non-Markovian regime is
a sufficient condition for recovering conventional Rabi oscillations? Or a close
analogue of it? Or whether this system is simply unable to implement the in-
teraction between an atom and a standing-wave mode located inside a pair of
perfectly reflecting mirrors?
4.4 Non-Markovian regime
4.4.1 Time to Rabi oscillate...!
We now investigate the dynamics of the central atom beyond the Markovian case,
focusing first on the deeply non-Markovian regime where Nγd/c  1. This re-
quires solving (4.10) without neglecting the delay. While delay-differential equa-
tions tend to be less friendly than their delay-free counterpart, we can however
take advantage of the fact that the fastest timescale is now that of the mirrors’
response time, which allows us to safely send N →∞. As a result, the Laplace
transform in (4.12) is simplified to
c˜0(s) =
1− e−sd/c
s(1− e−sd/c) + γ(1 + e−sd/c) . (4.15)







We thus need to identify the poles sj of c˜0(s) in order to proceed with the
inversion of the Laplace transform.
The poles, which are given by the zeros of the denominator, must obey
s = −γ 1 + e
−sd/c
1− e−sd/c = γ coth(−
sd
2c
) with e−sd/c 6= 1. (4.17)
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Fig. 4.3: y′ in red and cot(y′)γd/(2c) in blue as a function of the dimensionless
variable y′ = yd/(2c), for γd/c = 0.1. The intersections correspond to the poles
of c˜0(s).
Decomposing the complex variable into its real and imaginary parts s = x+ iy,
the equation can be recast as
x+ iy = −γ sinh(xd/c)− i sin(yd/c)
cosh(xd/c)− cos(yd/c) . (4.18)
We then find that the only real part satisfying this equation is x = 0. This can
easily be shown by reductio ad absurdum: assuming that x > 0, the real part
of the right hand side is strictly negative, and reciprocally for x < 0. The poles
are thus confined to the imaginary axis, i.e. sj = iyj where yj is a real number
labelled by a non-zero integer j. Moreover, the exact location of the poles is
given by the solutions to the equation y = γ cot(yd
2c
), which leads to an infinitude
of poles that have reflection symmetry through the coordinate origin. Among
these are the two solutions closest to the origin which, in the limit γd/c  1,




. As for the other solutions, they lie close to each
singularity of cot(yd
2c
) and satisfy |yj| > (|j| − 1)2pic/d, as illustrated in Fig. 4.3.
Rewriting the transform as c˜0(iy) = −i/ [y − γ cot(yd/2c)], we can now obtain










































This is not yet an intuitive form, however the sum can be upper bounded as





































We note here that there exists a simpler procedure for deriving the contribution
of these two poles in the regime of interest γd/c  1, which we shall employ
in Section 4.6.1. This is done by first expanding e−sd/c ≈ 1 − sd/c + (sd/c)2/2
in (4.15) and finding the zeros of the resulting denominator, which is now a cubic
polynomial.
This result implies that when operating deep in the non-Markovian regime
Nγd/c 1, the central atom undergoes sustained Rabi oscillations without any
decay. The absence of loss is understandable since the perfectly-reflecting atomic
mirrors should not allow the photon to escape the cavity. Moreover, the Rabi
frequency is nicely proportional to ΩRabi ∝ 1/
√
d. In fact, the analogy with
standard Rabi oscillations carries even further since we happen to have exactly
recovered the Rabi frequency of a conventional cavity [93], as can be seen after








4.4.2 Generalised Rabi frequency
In the previous section, we have shown that an initially excited atom trapped
between a pair of atomic mirrors is in fact able to undergo vacuum Rabi oscil-
lations faithful to those of a standard classical cavity. In particular, we focused
on the resonant situation where the atomic transition frequency corresponds to
a natural mode of the cavity with an antinode at the centre ωn = (2n+ 1)pic/d.
To investigate whether this is more than just a fortunate coincidence, we now
consider the detuned scenario and compare again the physics to that of a conven-
tional cavity. As illustrated in Fig. 4.4, we will be interested in detunings on the
order of the atomic linewidth ∆ = ωA − ωn ∼ γ, such that the atom is still able
to interact with the nearest cavity mode given our monomode regime γ  c/d.
The phase accumulated across the cavity by a photon on resonance with
the atom now reads φ = (2n + 1)pi + ∆d/c. Together with the non-Markovian
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Fig. 4.4: The atomic frequency is detuned with respect to the nearest cavity
mode with an antinode at the centre ωn = (2n + 1)pic/d. The following mode
(in dashed) at a distance of a free spectral range 2pi × c/2d has a node at the
centre such that the atom is not expected to couple to the cavity field. It is then
followed by the next mode with an antinode ωn+1.
condition N →∞, this implies that the Laplace transform (4.12) takes the form
c˜0(s) =
1− e(−s+i∆)d/c
s(1− e(−s+i∆)d/c) + γ(1 + e(−s+i∆)d/c) . (4.23)
Following the derivation of Section 4.4.1 in the absence of detuning, the poles
are once more confined to the imaginary axis and given by the solutions to the
modified equation y = γ cot[ (y−∆)d
2c
]. In the limit of interest ∆, γ  c/d, the first





with the other poles remaining approximately at |yj| > (|j| − 1)2pic/d.
From here, the excitation amplitude c0(t) can be obtained as before by first
rewriting the transform as c˜0(iy) = −i/ (y − γ cot[(y −∆)d/2c]) and evaluating





















The main contribution to c0(t) comes again from the first two poles, yielding this
time
c0(t) ≈ ei∆2 t
(




where the generalised Rabi frequency reads Ω =
√
Ω20 + (∆/2)
2. We have there-
fore exactly recovered the dynamics of an atom detuned from the resonant mode
of a conventional cavity, up to the exact form of Ω [95].
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4.5 So what is the physics?
4.5.1 Monomode regime
Based upon the results derived so far, it appears that operating the quantum
cavity in the non-Markovian regime is a sufficient requirement for recovering
standard cavity electrodynamics. Nevertheless, we are yet to understand the
physics of this regime, and why non-Markovianity is required at all. To this end,
let us go back to the fundamentals of a standard cavity made of classical mirrors.
There, the standing-wave mode of the cavity field is assumed from the start by
imposing that the electric field vanishes at the mirrors’ position. Notwithstand-
ing, the atom sitting inside the cavity actually emits a propagating photon with
an exponential decay profile, so how can we assume that the emitted photon is
immediately delocalised over the entire cavity length d? Naturally, the physical
requirement is for the cavity to be small enough so that the emitted photon is
able, after being reflected off the mirrors, to interfere back with itself and build
up the standing wave out of the initially propagating wavepacket. Specifically,
the cavity length must be negligible compared to the spatial extension of the
emitted wavepacket d c/γ, which can also be understood as requiring that the
travel time of light in the cavity is negligible compared to the decay timescale
d/c  1/γ, so that the standing wave is built up instantaneously throughout
the cavity as far as the atom’s dynamics is concerned. A third equivalent way of
understanding this requirement is in terms of monomode vs. multimode, namely
that the frequency bandwidth of the atomic emission needs to be much smaller
than the distance between neighbouring modes of the cavity γ  c/d, so that
the atom effectively couples to a single mode.
4.5.2 Retardation effects
In the situation where the atom couples to multiple cavity modes γ & c/d, the
emitted wavepacket becomes localised within the large cavity and propagates
back-and-forth between the mirrors. During this propagation, it periodically
meets the atom again at every half round-trip time d/c, suddenly driving it back
and leading to so-called retardation effects [96, 97, 98, 99]. To investigate whether
we also observe these effects in our system, we relax for the rest of this section
the constraint on the dimensionless parameter γd/c. As a consequence, note
that the analytical expressions derived previously do not hold anymore and we
shall resort to numerics in order to explore the dynamics. In particular, a typical
procedure for numerically inverting a Laplace transform is to expand c˜0(s) in a
geometric series and then taking the inverse transform of each term in the series
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(t) = f(t − kd/c)θ(t − kd/c). Note
that the higher order terms fk are smooth functions of time since their Laplace
transforms involve only rational functions [101].
The relevant observation at this point is the presence of the Heaviside func-
tions, which give rise to kinks in the slope of c0(t) corresponding to the retarda-
tion effects discussed above and observed in Fig. 4.5(a) for a non-negligible value
of γd/c. Focusing on the first time interval t < d/c, the evolution f0 is that
of a single atom in the waveguide, which is due to causality: for t < d/2c, the
photon wavepacket emitted by the central atom has not yet reached the mirrors;
for t ≥ d/2c, the mirrors can be excited by the influence of the central atom,
however their back-action onto the central atom will be delayed by another du-
ration of d/2c. Therefore, parameters corresponding to the multimode regime of
cavity quantum electrodynamics also lead to retardation effects in our quantum
cavity.
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Fig. 4.5: Probability of excitation of the central atom for different regimes
of operation. The red dashed curve is obtained by numerically inverting the
Laplace transform in the form of (4.29), including terms up to k = 40, while the
green curve illustrates the analytical approximation (4.34) derived in the regime
γd/c 1 N for any value of Nγd/c. The decaying envelope e−γt/(1+Nγd/c)2 is
plotted in dashed black for reference. (a) For a large cavity length γd/c = 0.5,
retardation effects give rise to kinks at times γt = 0.5k with k an integer. This
is not captured by (4.34) which is limited to the monomode regime γd/c  1.
(b) In the regime of interest γd/c  1  Nγd/c, the photon is trapped in
the cavity and we observe sustained Rabi oscillations between the central atom
and the cavity field. γd/c = 0.02 (c) In the Markovian regime, we retrieve the
damped oscillation obtained in [23], where the photon is not trapped in the cav-
ity. γd/c = 0.0002 (d) In the transition regime, the lifetime of the photon in the
cavity is significantly enhanced. γd/c = 0.01
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4.5.3 Quantum mirrors take time to respond
Coming back to the monomode regime of interest γd/c  1, we have shown
previously that the evolution of the central atom appears smooth on the timescale
of observation ∼ 1/γ, as confirmed in Fig. 4.5(b) and (c) where we consider
respectively the non-Markovian and Markovian regimes.
Summing up from here, it thus seems sufficient for a classical version of the
cavity to assume γd/c  1 in order for the photon to interfere and build up a
standing wave, yielding monomode dynamics. Since this amounts to neglecting
the travel time of light in the cavity and therefore the associated time delay, this
regime may even be referred to as Markovian. So if that is the end of the story
in the classical scenario, how can we reconcile it with the need to operate in the
non-Markovian regime with quantum mirrors?
The key aspect here is that classical mirrors are assumed to react instanta-
neously, reflecting light without any dynamical timescale. While in reality any
mirror has a finite response time, this effective description ignores the dynamics
and assumes from the start that the electric fields vanishes at the location of the
perfectly reflecting mirror [102]. However this implicit idealisation is not imposed
anymore in the quantum version of the cavity. As a result, given that we now
start our description from propagating modes in the waveguide, building up the
standing wave inside the cavity then requires, in analogy with the classical case,
that the quantum mirrors react on the fastest dynamical timescale of the system.
Combining this with the monomode requirement for observing Rabi oscillations,
the cavity therefore needs to operate in the regime
γd/c 1 Nγd/c, (4.31)
where the travel time of light is large enough for the mirrors to reflect light
instantaneously but small enough for the photon wavepacket not to localise in the
cavity but rather interfere with itself and build up the delocalised standing wave.
It is the right-hand side of this inequality, which is conveniently evaded in the
classical description, that demands for a non-Markovian description of the system
in terms of propagating photons and sets an explicit requirement on the dynamics
of the quantum mirrors. When not satisfied, i.e. when Nγd/c 1, one is then
left with a collective Markovian decay dictated by the different phase relations
between all the atoms which feel the influence of each other instantaneously. Note
that in our specific arrangement of placing the central atom at an antinode, which
was designed with the prospect of observing Rabi oscillations, the superradiant
contributions of the mirrors in fact happen to interfere destructively, as can be
seen by neglecting the delay in (4.11). This explains why the decay obtained in
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the Markovian case is not increased but merely modulated.
4.6 Towards an experimental implementation
4.6.1 Extending the main result to the transition regime
Experimentally implementing the device with physical parameters operating
deep in the non-Markovian regime (4.31) might be particularly challenging. It
is therefore of interest to address how non-Markovian the cavity needs to be
in order to significantly move away from the physics of a collective decay and
observe, instead, the signature of vacuum Rabi oscillations. For this, we de-
rive in this section a single expression for the atomic excitation amplitude c0(t)
assuming solely γd/c  1  N , and therefore bridging the gap between the
purely Markovian and deeply non-Markovian regimes presented respectively in
Sections 4.3 and 4.4.
Since the key parameter which determines the regime η ≡ Nγd/c can now
take any finite value, we tackle the complicated Laplace transform (4.12) by first
expanding the exponentials to second order, yielding
c˜0(s) =
s [1 + η(1− sd/2c)]
−s3ηd/2c+ s2(1 + η) + sγ(1− η) + 2γηc/d. (4.32)
In the regime of interest γd/c 1 N , the three roots of the denominator are
then found to be


















(s− sj)s [1 + η(1− sd/2c)]











As should be expected, we recover the results (4.14) and (4.21) obtained
respectively in the Markovian η  1 and non-Markovian limit η  1. To confirm
its validity, we compare this compact form to the numerical inversion performed
on the exact series solution (4.29), the former providing much more insight into
the dynamics of the central atom. It is worth mentioning that while they agree
very well, the Laplace inversion from the series is extremely heavy to compute
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numerically. We see for instance that the numerical inversion in Fig. 4.5(c) has
not yet completely converged to the analytical approximation (4.34), due to the
value of the cutoff which has been fixed at k = 40.
4.6.2 Conditions on the setup





When designing the device for an experimental implementation, it is therefore
sufficient to operate in the intermediate regime Nγd/c ≈ 1 in order for the cavity
to start trapping the photon. There, the Markov approximation does not hold
anymore, and while the photon still leaks out through the mirrors, its lifetime
inside the cavity is significantly enhanced κ ≈ γ/4 < γ. Moreover, the ratio
given by the oscillation frequency over the decay rate is also found to be large
8
√
c/γd  1. In this regime, one thus expects to observe a lot of oscillations




This chapter is based on
• Rectification of light in the quantum regime [arXiv:1510.04494]
J. Dai, A. Roulet, H. N. Le and V. Scarani
Physical Review A 92, 063848 (2015).
On the road towards realising integrated waveguide-QED circuits and connecting
them in a network [1], one of the key crucial components is a rectifying device,
playing the role of an integrated optical isolator [103, 104, 105]. Like a diode
in an electronic circuit, it only lets light pass through in a single direction, pre-
venting undesired back reflections from interfering with the upstream circuit and
protecting sensitive devices such as lasers. Naturally, there are imperative re-
quirements that need to be fulfilled for the diode to be of interest. One of them
is that the device should be passive: if the state of the rectifier is correlated to
the input direction of light, rectification is trivial1, but coherence in the output
field is lost. Additionally, one would also want state-independent rectification at
the level of the incoming field, namely that whether light goes through or not
is solely function of the incoming direction and the designed properties of the
device.
A possible candidate for a passive and state-independent optical diode was
identified recently [106]. Based on the waveguide QED platform, the device illus-
trated in Fig. 5.1 consists of a pair of atoms with different transition frequencies
and is designed to achieve rectification via their collective response. A semi-
classical analysis was performed, predicting a rectification as high as 92% for
coherent states of sufficiently low power, suggesting as well a promising applica-
tion at the level of single photons. In this chapter, we report on the full quantum
1The most trivial example consists in manually inserting a mirror when light is propagating
in the unwanted direction, and removing it otherwise.
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Fig. 5.1: A light pulse impinging on an optical diode formed by a pair of non-
identical two-level atoms. (a) When coming from the left, the pulse is transmitted
through the diode. (b) Conversely, a pulse entering from the right is reflected,
preventing contamination of the circuit.
mechanical analysis of this device published in Ref. [107]2, which addresses the
case of both coherent and single photon input pulse. Contrary to initial hopes,
we find that the setup under study cannot achieve rectification for single-photon
states. On the other hand, when the incident light is a coherent pulse, we iden-
tify a range of power for which the rectification factor can reach up to ∼ 70%,
confirming the semi-classical predictions. Finally, no rectification is predicted for
too low or too high incident power.
Outline: We begin by setting up the model for the device and introduce
the relevant figure of merit characterising the rectification efficiency. We first
consider input light in the form of a single-photon pulse, which is found to be
scattered identically regardless of the incoming direction. Moving on from this
linear scenario, we then consider coherent input light. The multimode version
of coherent states is introduced and we explore the behavior of the device in
different regimes of input power. By studying the dynamics of excitation of




We consider the system illustrated in Fig. 5.1, consisting of a pair of atoms sepa-
rated by a distance d = |z2− z1|, where zj is the position of the j-th atom. Each
atom has a transition frequency ωj between its ground |gj〉 and excited state
|ej〉 and is described by the dipole Hamiltonian (2.13), yielding the following
2Our study was published at the same time as the independent findings of two other groups
which were also focusing on the quantum regime [108, 109].
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Importantly, the atoms are initially in the ground state independently of the
incoming light pulse in order to ensure the passive attribute of the rectifying
device.
Following the method described in Section 3.2, we choose here to work in the
time domain as well. However, due to the non-identical transition frequencies of
the atoms, we instead adopt the central frequency of the incoming wavepacket






















where ∆j = ωph − ωj is the detuning between the incoming wavepacket and the
corresponding atom, ϕ = ωphd/c and time is normalised in units of the atomic
lifetime γ−1.
5.1.2 Heisenberg equations
The figure of merit we will be using for characterising the diode efficiency is
D = |T→ − T←|
T→ + T←
T→, (5.4)
where T→ is the transmittance for the case when light is incident from the left
as in Fig. 5.1(a), while T← = N¯b is for the reversed situation Fig. 5.1(b). A
large efficiency D ensures both strong directionality and significant transmission
of light when coming from the left. We thus need to compute the transmission
of light when impinging from both directions.
To this end, we describe the dynamics via the following set of Heisenberg
equations for the field
d
dt
aˆτ = δ(t− τ) σˆ(1)− + e−iϕδ(t− τ − d/c) σˆ(2)− (5.5)
d
dt
bˆτ = δ(t− τ) σˆ(1)− + eiϕδ(t− τ + d/c) σˆ(2)− , (5.6)
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where the lowering operators are rotating with respect to their respective detun-
ing σˆ(j)− → σˆ(j)− ei∆jt.
At the core of the rectification effect is the interference among the various
paths that light can take between the two atoms. As a consequence, the device
is inherently Markovian, namely it operates in the regime where the travel time
of light from one atom to the other is negligible. We can thus safely neglect
the time delay d/c in the field and atomic operators, with the relevant phase
information being captured by ϕ. Formally integrating the field operators then
yields


















from which we can recast the dynamical equations for the atomic operators as
d
dt



























































These four equations will allow us to compute any relevant quantity of interest
by solving a closed set of first-order differential equations. It is worth noting
however that while light is only incoming from one side in the scattering scenario
we consider, we still need to explicitly keep both at(0) and bt(0) for now, as they




5.2.1 Frequency by frequency
We start by studying a single-photon state (2.5) incoming from the left onto the
atoms in the ground state. Note that since we are considering a single-photon
wavepacket, each frequency component can either be transmitted or reflected
by the atoms while conserving energy. Therefore from the linearity of quantum
mechanics, it is sufficient to consider a monochromatic photon, that is one for
which the frequency bandwidth3 satisfies Γ 1. Specifically, the initial state in




dτ ξ(τ)aˆ†τ |∅〉, (5.17)
where we choose a square-pulse profile ξ(τ) =
√
Γ/2 θ(2/Γ−τ). While this choice
is justified as being the Fourier transform of a cardinal sine, the exact form of the
profile is in fact not relevant since we will later take the monochromatic limit by
sending Γ→ 0. We note that when doing so, the wavepacket becomes infinitely
long and therefore vanishes due to the normalisation constrained. This is nothing
else than an illustration of the uncertainty principle, which imposes a trade-off
on how well can the frequency and the localisation of the photon be known.
5.2.2 Is the device able to rectify?






















− (τ) + e
−iϕc(2)− (τ). (5.19)
Here we have defined the atomic variables c(j)− = 〈∅|σˆ(j)− |ψin〉 to improve the
clarity.
Since the pulse is effectively infinite when compared to the atomic timescale,
we can ignore the initial transient regime and focus on the steady-state for the
3In this chapter we have normalised time with respect to the atomic lifetime γ−1. Conse-
quently frequencies are normalised with respect to the decay rate γ.
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atomic variables, which is derived from (5.15-5.16) as
0 = (−1 + i∆1)c(1)− −
√
Γ/2− eiϕc(2)− , (5.20)
0 = (−1 + i∆2)c(2)− − eiϕ
√
Γ/2− eiϕc(1)− . (5.21)






−1 + i∆2 + ei2ϕ









ei2ϕ + (i+ ∆1)(i+ ∆2)
, (5.23)
yielding for the transmittance
T→ = lim
Γ→0







[−1 + ∆1∆2 + cos(2ϕ)]2 + [∆1 + ∆2 + sin(2ϕ)]2
.
In order to find out whether the photon can be rectified by the device, we
now need to compute the transmittance for the situation when the photon is
incoming from the opposite direction. In principle this would require repeating
the derivation for the corresponding input state. Conveniently, an equivalent
but simpler approach is to notice that when the photon is impinging from the
right, it is the same situation as if it were impinging from the left but with
the detuning of the atoms exchanged ∆1 ↔ ∆2. The expression for T→ being
symmetric under this exchange, the transmittance is therefore independent of
the input direction of the photon4. It thus appears that such a device cannot
rectify light propagation in the single-photon regime.
5.3 Laser light
5.3.1 Continuous-mode coherent state
Despite the negative outcome obtained in the single-photon scenario, we now
move on to address the scattering of laser light onto the device, for which the
semi-classical study [106] indicated substantial rectification. The state descrip-
tion of the coherent output of a laser in a continuum of modes was introduced in
4Our results agree with the fully symmetric transmission coefficient obtained in the supple-
mental material of [110] using the post-scattering L-S formalism.
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which is an eigenstate of the annihilation operator aˆτ with eigenvalue
√
n¯ ξ(τ).
Consequently, the mean photon flux follows as 〈aˆ†τ aˆτ 〉 = n¯|ξ(τ)|2.
Since we are interested in the response of the device to the continuous illumi-
nation of a monochromatic laser with constant input power p, we shall fix once
more the time profile to an infinitely long square pulse ξ(τ) =
√
Γ/2 θ(2/Γ− τ)
with Γ→ 0. The input power is then given by p = n¯Γ/2, such that
aˆτ (0)|ψin〉 = √p|ψin〉. (5.26)
5.3.2 Deriving the transmitted power
The rectification follows from the transmitted power, which is given by the mean
number of transmitted photons per unit of time normalised to the input power
T→ = lim
t→∞
〈ψin |aˆ†τ (t)aˆτ (t)|ψin〉ss
p
(5.27)
where the subscript stands for the steady-state value. The former can be further
expressed via the formal integration of the field (5.11) as
lim
t→∞















where Re denotes the real part.
At this point, the remaining step for computing the transmitted power is
to derive a closed set of equations which involves all the nine variables defined
in Table 5.1, of which only three are real and the rest are complex. For this,
the starting point are the four dynamical equations (5.13-5.16) which can be




− (τ)] = [bˆτ (0), σˆ
(j)
− (τ)] = 0 (5.29)
[aˆτ (0), σˆ
(1)
z (τ)] = [bˆτ (0), σˆ
(1)
z (τ)] = −σˆ(1)− (5.30)
[aˆτ (0), σˆ
(2)
z (τ)] = −e−iϕσˆ(2)− (5.31)
[bˆτ (0), σˆ
(2)
z (τ)] = −eiϕσˆ(2)− . (5.32)
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Average 〈σˆ(1)z 〉ss 〈σˆ(2)z 〉ss 〈σˆ(1)− 〉ss 〈σˆ(2)− 〉ss
Label c1z c2z c1− c2−
Average 〈σˆ(1)+ σˆ(2)− 〉ss 〈σˆ(1)z σˆ(2)z 〉ss 〈σˆ(1)z σˆ(2)− 〉ss 〈σˆ(1)+ σˆ(2)z 〉ss 〈σˆ(1)− σˆ(2)− 〉ss
Label c+− czz cz− c+z c−−
Table 5.1: The nine relevant steady-state averages over the state |ψin〉, relabelled
to simplify the notation.
We then obtain
0 = −[2 + i(∆1 −∆2)]c+− + e
−iϕc1z + eiϕc2z
2
+ cosϕ czz +
√
p (cz− + eiϕc+z),
(5.33)
0 = −e−iϕc1− − 2c2− − (3− i∆2)cz− − 2 cosϕ c∗+z +
√
p (eiϕczz − 2c+− − 2c−−),
(5.34)
0 = −2c∗1− − eiϕc∗2− − (3 + i∆1)c+z − 2 cosϕ c∗z− +
√
p (czz − 2e−iϕc+− − 2eiϕc∗−−),
(5.35)
0 = [−2 + i(∆1 + ∆2)]c−− +√p (cz− + eiϕc∗+z), (5.36)






0 = (−1 + i∆1)c1− + eiϕcz− +√p c1z, (5.38)
0 = (−1 + i∆2)c2− + eiϕc∗+z +
√
p eiϕc2z, (5.39)
0 = −2(1 + c1z)− 4 Re
[
eiϕc+−
]− 4√pRe [c1−] , (5.40)
0 = −2(1 + c2z)− 4 Re
[
e−iϕc+−
]− 4√pRe [e−iϕc2−] . (5.41)
This set of linear equations can be solved numerically, yielding the transmission
in one direction T→. The reversed direction T← is then straightforwardly obtained
by exchanging the detuning ∆1 ↔ ∆2, allowing us to compute the diode efficiency
D as defined in (5.4).
5.3.3 Is the device able to rectify?
Following the original proposal, we consider the case where the second atom
is on resonance with the incident light ∆2 = 0. In Fig. 5.2, we plot the diode
efficiency D for laser light of different input power p as a function of the remaining
detuning ∆1 and the phase parameter ϕ. As a first observation, our results
agree qualitatively with the semi-classical analysis of [106] where considerable
directionality was obtained for low-power laser light. However, the efficiency
stays below 70%, in contrast with the semi-classical prediction that exceeded









0 0.2 0.4 0.6
Fig. 5.2: The diode efficiency D for different input powers as a function of the
detuning of the first atom ∆1 and the phase ϕ. Figure (f) is a zoom of Figure
(e). All the figures share the same colour scale.
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the lower the power, the more the efficiency is found to drop drastically over
most of the parameter space. As a result, even though one can still find small
regions of high efficiency (see Fig. 5.2(f)), it would require extreme fine-tuning
to select those working points when p . 10−4.
In order to investigate how the efficiency varies with the laser power, we
study the diode response for fixed values of the detuning ∆1 and the phase
ϕ. The results are shown in Fig. 5.3(a). Firstly, one notices that as the power
increases beyond approximately p ≈ 10−1, the diode efficiency starts to drop.
This is easily understood as being a consequence of the fact that the atoms can
absorb at most one photon. Thus when a significant mean number of photon
per atomic lifetime enters the device, both atoms are highly saturated and most
of the light is transmitted regardless of which side it comes from. On the other
hand, the efficiency also goes to zero as the input power tends towards zero, in
agreement with the single-photon result.
5.3.4 Working principle
Both the single-photon result and the absence of rectification for very low power
indicate clearly that rectification is due to multi-photon components in the light
field. While this is established, looking at the horizontal axis of Fig. 5.3(a), one
may still wonder5 what multi-photon effects are there to be expected for a coher-
ent state of power as small as p ≈ 10−3. In other words, the qualitative behaviour
being admitted, one might have expected to find the effective rectification range
at higher powers. In what follows we are going to provide evidence that rectifi-
cation becomes effective when one atom is excited but not both. Obviously this
mechanism requires at least two photons in the field: one to excite one atom, the
other(s) to be transmitted or reflected.
We thus study the excitation probabilities of the atoms in the steady state.





or of finding both atoms excited simultaneously
Pee =
1 + c1z + c2z + czz
4
. (5.43)
We show these probabilities for the case where light is incident from the left
in Fig. 5.3(b), as well as from the right in Fig. 5.3(c). We first observe that
5In fact, it is precisely the observation of rectification at such a low power that had led the
original semi-classical proposal to conjecture the possible rectification of single photons.
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Fig. 5.3: The diode efficiency as a function of the input power for fixed detuning
∆2 = 0.12 in units of γ and phase ϕ = 2pi × 0.491. (a) The diode efficiency D
in black is plotted together with T→ in dashed dotted green and T← in dashed
red. (b) Light is injected from the left. In orange (dashed dotted blue) is the
probability of excitation of the atom on the right (left), and in dashed black
the probability of having both atoms excited at the same time. (c) Same as (b)
but for light injected from the right. This indicates that rectification happens
for light that comes when only one atom is excited. At low power, no atom
is excited and the diode is reflecting from both directions; at high power, both
atoms are excited and the diode is transparent from both directions.
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Pee is found to be independent of where the light comes from, and starts to
increase significantly at input power around p ≈ 1. This coincides with the drop
in rectification efficiency at the high-power end, thus matching the explanation
given above: the diode becomes transparent from both directions when both
atoms are significantly excited and therefore the entire device is saturated.
On the other hand, while P (1)e and P (2)e are found to be approximately equal
(compare the two curves in each panel), they vary significantly depending on
the direction of the incoming pulse (compare the two panels). When the light
is coming from the right, it encounters first the resonant atom which acts as
an almost perfect mirror when p  1. This can be seen from the reflection
coefficient of a coherent state on a single atom [21]
R =
1
1 + (ωph − ωA)2 + 2p. (5.44)
which is in agreement in the low-power limit p → 0 with the single-photon
result (3.3). Hence we get T← ≈ 0 and the off-resonant atom does not play any
role. Only when the power becomes non-negligible p ≈ 1 will the right atom start
saturating. However at this level of power both atoms start to be significantly
excited and no directionality is expected as explained previously.
As for when light is coming from the left, the behavior is richer. Both P (1)e
and P (2)e start increasing at a very low power of p ≈ 10−4, reaching a plateau
until a power of p ≈ 1. This can be understood as follow: thanks to the non-
zero detuning of the first atom ∆1 6= 0, the light is able to enter the device and
is stored inside for some time. The resonant atom then saturates at a lower
power than when light is incident from the right. We identify this as the key
mechanism leading to rectification of light in the range of power corresponding
to this plateau. At lower power, the light is not stored for a long enough time,
so the device effectively sees one photon at a time, and the single-photon result




The common thread that runs through this thesis is the study of light-matter
interaction in the context of waveguide quantum electrodynamics. We started
by presenting an intuitive approach for solving the scattering of N photons on
a single atom. At the heart of the method lies the operational translation of
the atomic nonlinear response, which allows to derive any quantity of interest
in terms of the initial wavepackets. Importantly, the method goes beyond the
long-time limit, giving access to quantities like the atomic excitation during the
scattering event. This is especially relevant in the context of an experiment,
where one would ideally want to fully characterise the dynamical evolution of
the light field and the atom. We have also applied our method to a proposed
protocol for reliably generatingN -photon pulses in the laboratory. An interesting
perspective would be to extend the concept to multiple atoms or to a different
scatterer such as a three-level atom, understanding how this new level structure
would translate at the operational level.
We then considered an atom placed inside a quantum cavity formed by atomic
mirrors, investigating the physics of the oscillation undergone when it is prepared
in the excited state. Our approach is valid for both the Markovian regime, where
the photon’s travel time between the mirrors is neglected, and the non-Markovian
regime, where we found that the photon can be trapped inside the cavity. In the
latter regime, we have found that sustained vacuum Rabi oscillations analogous
to those obtained in a conventional cavity with high finesse mirrors are recovered.
The constraints on the experimental parameters for operating in this regime are
identified and physically motivated.
Finally, we presented a full quantum mechanical analysis of a proposed optical
diode consisting of two different atoms. We found that the diode fails to work
in the single-photon regime but significantly rectifies light for coherent input
states in an optimal range of power. The working mechanism of the diode is
revealed by studying the excitation probabilities of the two atoms. This detailed
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understanding may inspire improved designs of passive state-independent optical
diodes.
Exciting possibilities emerge from the investigation of these devices made of
atoms. Indeed, leaving the realm of classical physics, they now behave according
to quantum mechanics while still retaining their operational function of trapping
or rectifying light, as we have shown in this thesis. Therefore, these devices,
besides being integrable in a waveguide-based network, grant access to a fairly
unexplored world of physics where the mirrors of a cavity or the two atoms
realising a diode have quantum degrees of freedom that can be exploited.
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Reflectance of an Atomic Mirror
In this appendix related to Chapter 4, we explicitly derive the reflectance (4.1)
for a chain of atoms in a Bragg configuration. The derivation relies on the
equivalence in the single-excitation regime between the chain and a single atom
whose coupling rate is effectively equal to the superradiant rate of the chain.
A.1 Hamiltonian formulation
The reflectance has been previously computed via a transfer matrix method,
which relies on the Lippmann-Schwinger formalism [86, 23]. Here instead, we
follow the approach introduced in Chapter 3 and start from the dipole Hamil-




































We now assume that the spatial extension of the mirror ∼ Ndm is suffi-
ciently small so that we can safely neglect the propagation delay of light within
the atomic chain. The atoms being indistinguishable, the different paths that a
photon can take within the chain therefore interfere, which lead to a collective
response of the atoms [111, 112]. The exact form of this response is strongly
dependent on the lattice constant dm. In particular, the phase accumulated be-
tween each pair of atoms ωAdm/c dictates whether the interference is constructive
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Note that while the atoms are effectively co-located with respect to the field
operators, the phase accumulated within the chain is still explicitly taken into
account for by the exponentials.
The validity of the approximation can be assessed by noting that it formally
requires the effects of light detuning to be negligible at the level of the phase






The frequencies interacting with the chain being within a typical bandwidth of
Nγ, we can estimate the maximum number of atoms that the chain can contain













For the atoms to realise a Bragg mirror, we now fix the lattice distance to a
multiple of half a wavelength [113], which in terms of the phase acquired reads
ωAdm/c = lpi. (A.6)
Consequently, we can simplify the phase exponentials that appear in the Hamil-
tonian (A.3) as
e±iωAzj/c = (−1)l(j−1), (A.7)
where we have explicitly expressed the location of the atoms as zj = (j − 1)dm,
placing the first atom at the origin z0 = 0 without loss of generality.
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A.3 Equivalence with a single atom




























which starts to bear some strong resemblance with the single-atom Hamilto-
nian (3.6). In particular, the analogue of the equation of motion for the atomic
















We now proceed with our last step, which relies on the fact that we restrict
our considerations to the single-excitation regime. Therefore there can only be
up to one atom excited within the chain, or none if the excitation is instead in the
bosonic field. In terms of the equation of motion (A.10), it implies that we can
simplify the atomic operators σˆ(j)z → −1, which we already saw in Section 3.2.2


















Nγδ(t− τ) Sˆ−, (A.12)
it is now manifest that we have a complete equivalence with the description of a
single atom in the single-excitation regime. This identification is valid once the
coupling rate of this effective atom is formally set to be equal to the superradiant




On the Laplace Transform
This appendix provides a short reminder on the Laplace transform and its rele-
vant properties for tackling the delay-differential equations encountered in Chap-
ter 4.
B.1 Definition
The Laplace transform is the tool of choice for solving delay-differential equations
with initial conditions. In particular, we will consider functions c(t) defined on
the domain of positive times t ≥ 0 and vanishing on the rest
c(t) = 0 ∀t < 0, (B.1)
that is before the start of the dynamical evolution at t = 0. The transform is
defined as [101]




with s a complex variable. Note that for this integral to exist, the real part of s
needs to be sufficiently large such that |c(t)e−st| → 0 when t→∞.
B.2 Properties and common transforms
















dt c(t)se−st = −c(0) + sc˜(s), (B.3)
where we have integrated by parts. As a result, the differentiation has been
mapped to a multiplication, up to a constant which is fixed by the initial condi-
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tion.
A subsequent property which pertains to time delays is how the transform
handles sudden finite jumps in the form of heaviside functions θ(t), in particular
for any τ ≥ 0
L [c(t− τ)θ(t− τ)] =
∫ ∞
τ
dt c(t− τ)e−st =
∫ ∞
0
dt c(t)e−s(t+τ) = c˜(s)e−sτ , (B.4)
where we have substituted the change of variable t→ t− τ .
As a result, we can thus map a set of delay-differential equations for time
functions into an algebraic problem on their transforms, which is typically easier
to solve. Unfortunately, based on the universal principle that nothing comes for
free, one may already anticipate that the difficulty, if any, has been transferred to
the problem of inverting the transform, which is the remaining step for retrieving
the solution to the problem we started with: the time evolution of c(t). In some
special cases, one might get lucky as the inverse may have been already worked
out and the result can then be readily expressed in the time domain. This will
be the situation in Section 4.3 when addressing the Markovian regime, where we
will encounter the following common transforms







(s− a)2 + b2 , (B.5)







(s− a)2 + b2 . (B.6)
For the rest of the cases, and in particular in the non-Markovian regime which
forms the core of our results in Chapter 4, one is left with the more involved
inversion formula which applies to any transform c˜(s).
B.3 Inverting a Laplace transform








where x is a real number chosen such that all the singularities of c˜(s) lie to the
left of it in the complex plane. A typical approach for evaluating such an integral
relies on Cauchy residue theorem. The first step consists in considering a finite
vertical line at x which we close with a semi-circle CR of finite radius R to the
left of it. When sending R → ∞, the contour Ctot therefore coincides with the
path of integration to which is added the integration over a semi-circle which
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contains all the singularities 1 of c˜(s)∮
Ctot









Taking advantage of the positivity of the time argument t, this expression
can be further simplified by invoking Jordan’s lemma, which allows to compute





ds c˜(s)est → 0, (B.10)
under the typically-satisfied assumption that lim
|s|→∞
c˜(s) → 0. Consequently, the





1In the context of this thesis we will exclusively be dealing with poles of order 1.
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